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Some helicities in electromagnetic and gravitational fields
Zi-Hua Weng∗
School of Physics and Mechanical & Electrical Engineering, Xiamen University, Xiamen 361005, China
The paper investigates the influences of the helicity on the gravitational mass density, the field
source, the charge continuity equation, and the mass continuity equation etc in the electromagnetic
field and gravitational field. By means of the algebra of octonions, the magnetic helicity, the current
helicity, the cross helicity, the kinetic helicity, the field energy, the enstrophy, and some new helicity
terms can be derived from the octonion definitions of the linear mentum and the force in some field
descriptions with different operators. The study claims that the gravitational mass density, the field
source, the charge continuity equation, and the mass continuity equation will be impacted by the
helicity, the field strength, and the vorticity of the rotational objects and of the spinning charged
objects in the gravitational field and the electromagnetic field with their adjoint fields.
PACS numbers: 02.10.Hh; 03.50.-z; 04.50.-h.
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I. INTRODUCTION
The concept of the helicity [1, 2] was originated by C. F. Gauss’s studying of the orbits of the comet and the asteroid
in the astronomy. Recently it is extended to the researches regarding the double helix structure of DNA molecular
chain [3], the solar electromagnetic field, the fluid dynamics, the meteorology, and the topology etc. In the astronomy
the helicity can be used to investigate the helical structure of the solar magnetic field [4, 5], including the magnetic
helicity, the current helicity, the cross helicity [6], and the kinetic helicity. In the fluid dynamics [7] the helicity can be
used to illustrate the vorticity fields, the kinetic helicity, and the enstrophy. It is found that the helicity will impact
the gravitational mass density, the charge continuity equation, and the mass continuity equation.
The algebra of quaternions was invented in 1843 by W. R. Hamilton [8], and was first used by J. C. Maxwell [9] to
describe the physical features of the electromagnetic field. Later the algebra of quaternions is used to represent the
physical properties of the gravitational field. According to the ’Spacetime equality postulation’ [10], the quaternion
space for the gravitational field is independent to that for the electromagnetic field [11]. These two quaternion spaces
are perpendicular to each other, and are combined together to become one octonion space, which is related to the
algebra of octonions. The latter was invented by A. Cayley [12] etc. Consequently the algebra of octonions can be
used to depict the features of the gravitational field and the electromagnetic field simultaneously, including the mass
continuity equation, the charge continuity equation, the gravitational mass, and the helicity etc.
In terms of the algebra of octonions, the helicity of the rotational objects and the spinning charged objects in the
electromagnetic field and the gravitational field [13] can be found in the definition of the field source and the definition
of the force-power in the octonion space. The helicities cover all known helicity terms in the classical theories, including
the magnetic helicity, the current helicity [14], the cross helicity, the kinetic helicity, the field energy, the enstrophy,
and some new helicity terms.
II. THE FIELDS REGARDING THE OPERATOR (♦,B)
In the electromagnetic field and gravitational field [15], the octonion operator (♦+ kbB) can draw out directly the
physical properties of two fields, including the octonion field potential, the octonion field strength, the octonion field
source, the octonion linear momentum, the octonion angular momentum, the energy, the torque, the power, the force,
and some helicities [16] of the rotational objects and the spinning charged objects [17] etc. It is found that the helicity,
the field strength, and the field source will impact the gravitational mass, the charge continuity equation, and the
mass continuity equation etc in the octonion space with the operator (♦+ kbB).
∗
2A. Field source
In the octonion space, we can define the source of the electromagnetic field and the source of the gravitational field.
In the quaternion space for the gravitational field, the basis vector is Eg = (i0, i1, i2, i3), the radius vector is Rg = (r0,
r1, r2, r3), and the velocity is Vg = (v
δ
0 , v1, v2, v3). In the quaternion space for the electromagnetic field, the basis
vector is Ee = (I0, I1, I2, I3), the radius vector is Re = (R0, R1, R2, R3), and the velocity is Ve = (V0, V1, V2, V3),
with Ee = Eg ◦ I0 . The Ee is independent of the Eg , and that they can combine together to become the basis vector
of octonion space, E = (1, i1, i2, i3, I0, I1, I2, I3). The octonion radius vectors Rg and Re can be combined together to
become the octonion radius vector, R = Σ(iiri + kegIiRi). And then the octonion velocity is V = Σ(iivi + kegIiVi).
Herein i0 = 1; r0 = v0t, t is the time; v0 and keg are the coefficients for the dimensional homogeneity, and v0 is the
speed of light in comparison with the classical theory; the symbol ◦ denotes the octonion multiplication.
The gravitational potential Ag = Σ(aiii) is combined with the electromagnetic potential Ae = Σ(AiIi) to become
the octonion field potential, A = Ag + kegAe. While the octonion field strength B = ♦ ◦ A = Bg + kegBe consists of
the gravitational strength, Bg = Σ(hiii), and the electromagnetic strength, Be = Σ(HiIi). The gauge equations are
h0 = 0 and H0 = 0. The gravitational strength Bg includes two components, g/v0 = ∂0a+∇a0 and b = ∇× a, and
the electromagnetic strength Be involves two parts, E/v0 = ∂0A + ∇ ◦A0 and B = ∇ ×A. Herein a = Σ(ajij),
A = Σ(AjIj), A0 = A0I0; ♦ = Σ(ii∂i), with ∂i = ∂/∂ri. i = 0, 1, 2, 3. ∇ = Σ(ij∂j). j = 1, 2, 3.
The linear momentum density Sg = mVg is the source of the gravitational field, while the electric current density
Se = qVe is that of the electromagnetic field. The octonion field source S satisfies
µS = −(♦+ kbB)
∗
◦ B = µgSg + kegµeSe − kbB
∗
◦ B , (1)
where −µgSg = ♦
∗ ◦ Bg, −µeSe = ♦
∗ ◦ Be; kb = 1/v0; B
∗ ◦ B/µg = B
∗
g ◦ Bg/µg + B
∗
e ◦ Be/µe; k
2
eg = µg/µe; µg and µe
are the gravitational constant and the electromagnetic constant respectively; q is the electric charge density; m is the
inertial mass density; ∗ denotes the conjugate of the octonion.
TABLE I: The octonion multiplication table.
1 i1 i2 i3 I0 I1 I2 I3
1 1 i1 i2 i3 I0 I1 I2 I3
i1 i1 −1 i3 −i2 I1 −I0 −I3 I2
i2 i2 −i3 −1 i1 I2 I3 −I0 −I1
i3 i3 i2 −i1 −1 I3 −I2 I1 −I0
I0 I0 −I1 −I2 −I3 −1 i1 i2 i3
I1 I1 I0 −I3 I2 −i1 −1 −i3 i2
I2 I2 I3 I0 −I1 −i2 i3 −1 −i1
I3 I3 −I2 I1 I0 −i3 −i2 i1 −1
B. Torque and force
In the presence of electromagnetic and gravitational fields, the octonion angular momentum density L can be defined
from the octonion linear momentum density P = µS/µg = Σ(piii) + Σ(PiIi), the octonion radius vector R, and the
octonion physics quantity X ,
L = (R+ krxX) ◦ P , (2)
where L = Σ(liii)+Σ(LiIi); X = Σ(xiii)+kegΣ(XiIi). p = Σ(pjij); P0 = P0I0; P = Σ(PjIj). l = Σ(ljij), L0 = L0I0,
L = Σ(LjIj). p0 = m̂v0, v
δ
0 = v0♦ · R, m̂ = △m+m(v
δ
0/v0), △m = −kbB
∗ ◦ B/(µgv0). m̂ is the gravitational mass
density. ♦ · R is the scalar part of ♦ ◦ R. krx = 1/v0 is a coefficient for the dimensional homogeneity. The derivation
of octonion quantity X will yield the gravitational and electromagnetic potentials simultaneously.
In the electromagnetic field [18] and the gravitational field, the octonion torque-energy density W is defined from
the octonion angular momentum density L and the octonion field strength B,
W = v0(♦+ kbB) ◦ L , (3)
where W = Σ(wiii) + Σ(WiIi) ; the −w0/2 is the energy density, the w/2 = Σ(wjij)/2 is the torque density. The
scalar w0 is written as,
w0 = v0∂0l0 + v0∇ · l+ h · l+ kegH · L , (4)
3where −w0/2 includes the kinetic energy, gravitational potential energy, field energy, work, electric potential energy,
magnetic potential energy, the interacting energy between dipole moment with electromagnetic strength, and some
new terms. a0/v0 = ∂0x0+∇·x and a = ∂0x+∇x0+∇×x are the scalar and vectorial potential of the gravitational
field respectively. A0/v0 = ∂0X0 +∇ ·X and A = ∂0X +∇ ◦X0 +∇×X are the scalar and vectorial potential of
the electromagnetic field respectively. h = Σ(hjij), H0 = H0I0, H = Σ(HjIj). h = g/v0 + b, H = E/v0 +B.
In a similar way, expressing the torque density w as
w = v0∂0l+ v0∇l0 + v0∇× l+ l0h+ h× l+ kegH× L+ kegH ◦ L0 , (5)
where the above covers the torque density caused by the inertial force, the electromagnetic force, the gravitational
force, and other force terms etc.
The octonion force-power density N = v0(♦ + kbB)
∗ ◦W can be defined from the torque-energy density W. In the
octonion space, the force-power density is written as N = Σ(niii) + Σ(NiIi). The power density is f0 = −n0/(2v0),
while the force density is f = −n/(2v0), with the vectorial part n = Σ(njij) in the space Eg. The other two vectorial
parts, N0 = N0I0 and N = Σ(NjIj), are in the space Ee, and may not be detected directly.
Further expressing the scalar n0 of the octonion force-power density N as
n0 = v0∂0w0 + v0∇
∗
·w+ h∗ ·w+ kegH
∗
·W . (6)
The force density f in the gravitational field and the electromagnetic field can be defined from the vectorial part n
of the octonion force-power density N,
− 2f = ∂0w+∇
∗w0 + h
∗
×w/v0 +∇
∗
×w+ w0h
∗/v0 + kegH
∗
×W/v0 + kegH
∗
◦W0/v0 , (7)
where the force density f includes that of the inertial force, gravity, Lorentz force, gradient of energy, and interacting
force between dipole moment with magnetic strength etc. This force definition is much more complicated than that
in the classical field theory, and encompasses more new force terms regarding the gradient of energy etc.
TABLE II: The operator and multiplication of the physical quantity in the octonion space.
definitions meanings
∇ · a −(∂1a1 + ∂2a2 + ∂3a3)
∇× a i1(∂2a3 − ∂3a2) + i2(∂3a1 − ∂1a3) + i3(∂1a2 − ∂2a1)
∇a0 i1∂1a0 + i2∂2a0 + i3∂3a0
∂0a i1∂0a1 + i2∂0a2 + i3∂0a3
∇ ·P −(∂1P1 + ∂2P2 + ∂3P3)I0
∇×P −I1(∂2P3 − ∂3P2)− I2(∂3P1 − ∂1P3)− I3(∂1P2 − ∂2P1)
∇ ◦P0 I1∂1P0 + I2∂2P0 + I3∂3P0
∂0P I1∂0P1 + I2∂0P2 + I3∂0P3
C. Helicity
The part force density F is one part of the octonion force-power density N, and is defined from the octonion linear
momentum density P = µS/µg ,
F = v0(♦ + kbB)
∗
◦ P , (8)
where the part force density includes that of the gravitational force, Lorentz force, inertial force, and the interacting
force between electromagnetic strength with magnetic moment etc.
The scalar f0 of F is written as,
f0/v0 = ∂0p0 +∇
∗
· p+ h∗ · p/v0 + kegH
∗
·P/v0 , (9)
where kegH
∗
· P is the field source helicity of the electromagnetic field, which involves the electric current helicity
kegB
∗
·P and the helicity term kegE
∗
·P/v0; the h
∗
· p is the field source helicity of the gravitational field.
The scalar part of the octonion quantity is reserved in the octonion coordinate transformation. Therefore the above
is the mass continuity equation in the electromagnetic field and the gravitational field when f0 = 0, and is influenced
4by the current helicity terms [19] of the electromagnetic field and of the gravitational field, although the impact of
the field source helicity may be quite tiny.
A new physical quantity Fq can be defined from the part force density F,
Fq = F ◦ I
∗
0 . (10)
The scalar part F0 of the Fq is written as,
F0/v0 = (∂0P0) ◦ I
∗
0 + (∇
∗
·P) ◦ I∗0 + (h
∗
·P/v0 + kegH
∗
· p/v0) ◦ I
∗
0 , (11)
where the (h∗ ·P+ kegH
∗
· p) ◦ I∗0 can be considered as one kind of the helicity.
The above is the charge continuity equation in the case for coexistence of the gravitational field and electromagnetic
field when F0 = 0. And the charge continuity equation is the invariant under the octonion coordinate transformation
also. It states that the gravitational strength and electromagnetic strength have the influence on the charge continuity
equation, although the (h∗ ·P+ kegH
∗
· p) ◦ I∗0 and △m both are usually small when the fields are weak.
TABLE III: Some physical quantities in the octonion spaces with the operator (♦+ kbB).
definitions meanings
X field quantity
A = ♦ ◦ X field potential
B = ♦ ◦ A field strength
R radius vector
V = v0♦ ◦ R velocity
U = ♦ ◦ V velocity curl
µS = −(♦+ kbB)
∗
◦ B field source
Hb = kbB
∗
· B field strength helicity
P = µS/µg linear momentum density
R¯ = R+ krxX compounding radius vector
L = R¯ ◦ P angular momentum density
W = v0(♦+ kbB) ◦ L torque-energy densities
N = v0(♦+ kbB)
∗
◦W force-power density
F = −N/(2v0) force density
Hs = kbB
∗
· P field source helicity
III. THE FIELDS REGARDING THE OPERATOR (♦, B¯)
The features of the gravitational field can be described by the algebra of quaternions, including the field source and
the mass continuity equation etc. The latter can be impacted by the gravitational strength and the linear momentum
etc. The characteristics of the gravitational field and the electromagnetic field can be investigated simultaneously by
the algebra of octonions, and the mass continuity equation will be influenced by the electromagnetic strength and the
electric current directly, besides the gravitational strength and the linear momentum etc.
A. Gravitational field
In the quaternion space for electromagnetic fields, the quaternion radius vector is Rg = Σ(riii), the quaternion
velocity is Vg = v0♦ ◦Rg = v
δ
0 +Σ(vjij), and the quaternion velocity curl is Ug = ♦ ◦Vg = Σ(uiii). The gravitational
potential is Ag = ♦ ◦Xg = Σ(aiii), and is defined from the quaternion quantity Xg. While the gravitational strength
is defined from the gravitational potential, that is Bg = ♦ ◦ Ag = Σ(hiii).
The radius vector Rg and the quaternion Xg = Σ(xiii) can be combined together to become the compounding
radius vector R¯g = Rg + krxXg, and the compounding quantity X¯g = Xg + KrxRg. The related space is called as
the quaternion compounding space, which is one kind of function space. In this compounding space, the coordinate
is r¯i = ri + krxxi for the basis vector ii, and the radius vector is R¯g = Σ(iir¯i). We gain the compounding velocity
V¯g = v0♦ ◦ R¯g = Vg + v0krxAg, the compounding velocity curl (or the vorticity) U¯g = ♦ ◦ V¯g = Ug + v0krxBg, the
compounding gravitational potential A¯g = ♦ ◦ X¯g = Ag + KrxVg/v0, and the compounding gravitational strength
B¯g = ♦ ◦ A¯g = Bg +KrxUg/v0. Herein Krx = 1/krx, and x¯i = xi +Krxri.
51. Torque and force
The compounding source S¯ of the gravitational field in the quaternion compounding space comprises the linear
momentum density S¯g = mV¯g , and can be defined as,
µS¯ = −(♦+ kbB¯g)
∗
◦ B¯g = µgS¯g − B¯
∗
g ◦ B¯g/v0 , (12)
where B¯∗g ◦ B¯g/(2µg) is the field energy density of gravitational field. V¯g = Σ(r¯iii) .
From the R¯g and compounding linear momentum density P¯g = µS¯/µg, the compounding angular momentum density
is defined as L¯g = R¯g ◦ P¯g . The compounding torque-energy density W¯g can be defined from the above compounding
angular momentum density L¯g = Σ(l¯iii) ,
W¯g = v0(♦+ kbB¯g)
∗
◦ L¯g , (13)
where the compounding torque-energy includes the potential energy, the kinetic energy, the torque, and the work etc
in the gravitational field. The P¯g = Σ(p¯iii) is the extension of the S¯g .
From the above, the compounding force-power N¯g density is defined as,
N¯g = v0(♦+ kbB¯g)
∗
◦ W¯g , (14)
where the N¯g is the function of force density and power density in the gravitational field. And the compounding force
density is −Σ(ij n¯j)/(2v0), with Σ(ij n¯j) being the vectorial part of N¯g .
2. Field strength helicity
In the quaternion compounding space, the compounding linear momentum density is defined from the quaternion
compounding field source S¯ ,
P¯g = m̂v0 +Σ(mv¯jij) , (15)
where p¯0 = m̂v¯0, m̂ = △m+m(v¯
δ
0/v¯0), v¯
δ
0 = v0♦ · R¯, △m = −kbB¯
∗
g ◦ B¯g/(µg v¯0). m is the inertial mass density, while
the m̂ is the gravitational mass density. ♦ · R¯ is the scalar part of the ♦ ◦ R¯. And r¯0 is written as the r¯0 = v¯0t, with
the v¯0 being the coefficient for the dimensional homogeneity.
According to the quaternion feature, the gravitational mass m̂ is one reserved quantity, and is changed with the
field strength Bg, and the enstrophy u
∗ · u/8 etc, with the u being the vectorial part of the vorticity Ug .
3. Field source helicity
As an especial and simple case, the F¯g is one part of the quaternion compounding force-power density N¯g , and is
defined from the P¯g ,
F¯g = v0(♦+ kbB¯g)
∗
◦ P¯g , (16)
where the above includes the density of gravitational force, Lorentz force, and inertial force etc.
The scalar f¯0 of F¯g is written as,
f¯0/v0 = ∂0p¯0 +∇
∗
· p¯+ h¯
∗
· p¯/v0 , (17)
where the term h¯
∗
· p¯ is the field source helicity of the gravitational field.
The above is the mass continuity equation in the gravitational field when f¯0 = 0, and is influenced by the field
source helicity of gravitational field, although the impact of helicity is quite weak.
B. Gravitational and electromagnetic fields
The gravitational field and electromagnetic field both can be depicted by the quaternion, and the quaternion spaces
will be combined together to become the octonion space. In other words, the gravitational field and the electromagnetic
field can be described with the octonion space simultaneously.
In the octonion space, the octonion basis vector is E = (i0, i1, i2, i3, I0, I1, I2, I3), the octonion radius vector is
R = Σ(iiri + kegIiRi), the octonion velocity is V = v0♦ ◦ R = Σ(v
δ
0 + ijvj + kegIiVi), and the octonion vorticity is
6U = ♦ ◦ V = Σ(iiui + kegIiUi). The gravitational potential Ag and the electromagnetic potential Ae = Σ(IiAi) are
combined together to become the octonion field potential, A = ♦ ◦ X = Ag + kegAe, and it can be defined from the
octonion quantity X = Xg + kegXe. The octonion strength, B = ♦ ◦ A = Bg + kegBe, consists of the gravitational
strength Bg and the electromagnetic strength Be = ♦ ◦ Ae = Σ(HiIi). Herein Xe = Σ(XiIi).
The octonion radius vector R and the octonion physical quantity X in the octonion space can be combined together
to become the compounding radius vector R¯ = R + krxX = Σ(r¯iii + kegR¯iIi), as well as the compounding quantity
X¯ = X+KrxR = Σ(x¯iii+kegX¯iIi) respectively. The related space is called as the octonion compounding space, which
is one kind of function space. In this space, the octonion compounding field potential is A¯ = ♦ ◦ X¯ = A+KrxV/v0 =
Σ(a¯iii + kegA¯iIi), the octonion compounding field strength is B¯ = ♦ ◦ A¯ = B + KrxU/v0 = Σ(h¯iii + kegH¯iIi), the
octonion compounding velocity is V¯ = V+ v0krxA = Σ(v¯iii + kegV¯iIi), as well as the octonion compounding velocity
curl is U¯ = U+ v0krxB = Σ(u¯iii + kegU¯iIi). Herein R¯i = Ri + krxXi, and X¯i = Xi +KrxRi.
TABLE IV: Comparison between the fields in the octonion space with that in the octonion compounding space.
octonion space octonion compounding space descriptions
∇ · b = 0 ∇ · b¯ = 0 (Gauss’s law of gravitation)
∂0b+∇
∗
× g/v0 = 0 ∂0b¯+∇
∗
× g¯/v0 = 0 (Faraday’s law of gravitation)
∇
∗
· g = −m̂/εg ∇
∗
· g¯ = −m̂/εg Newton’s law of gravitation
∂0g/v0 +∇
∗
× b = −µgs ∂0g¯/v0 +∇
∗
× b¯ = −µg s¯ (Ampere’s law of gravitation)
∇ ·B = 0 ∇ · B¯ = 0 Gauss’s law of magnetism
∂0B+∇
∗
×E/V0 = 0 ∂0B¯+∇
∗
× E¯/V0 = 0 Faraday’s law
∇
∗
· E = −(q/εe)I0 ∇
∗
· E¯ = −(q/εe)I0 Gauss’s law
∂0E/V0 +∇
∗
×B = −µeS ∂0E¯/V0 +∇
∗
× B¯ = −µeS¯ Ampere-Maxwell law
b = 0 b¯ = 0 the extreme case of weak field
g = 0 g¯ = 0 the extreme case of weak field
B = 0 B¯ = 0 the extreme case of weak field
E = 0 E¯ = 0 the extreme case of weak field
1. Torque and force
In the coordinate system of the octonion compounding space, the coordinate is (r¯i+kegR¯iI0) for the basis vector ii ,
and the radius vector is written as R¯ = Σ
{
ii ◦ (r¯i + kegR¯iI0)
}
. In this octonion compounding space, the compounding
source S¯ involves the linear momentum density S¯g, and the electric current density S¯e = qV¯e. While the latter is the
field source of the electromagnetic field. The octonion compounding source S¯ satisfies,
µS¯ = −(♦+ kbB¯)
∗
◦ B¯ = µgS¯g + kegµeS¯e − B¯
∗
◦ B¯/v0 , (18)
where B¯ = B¯g + kegB¯e; B¯
∗ ◦ B¯/µg = B¯
∗
g ◦ B¯g/µg + B¯
∗
e ◦ B¯e/µe is the field energy density.
The compounding angular momentum density is L¯ = R¯ ◦ P¯ in the octonion compounding space. The compounding
torque-energy density W¯ is defined from the compounding strength B¯ and the angular momentum density L¯ ,
W¯ = v0(♦+ kbB¯) ◦ L¯ , (19)
where the compounding torque-energy includes the potential energy, the kinetic energy, the torque, the gyroscopic
torque, and the work etc in the gravitational field and the electromagnetic field.
The compounding force-power density N¯ = v0(B¯/v0+♦)
∗◦W¯ is defined from the compounding torque-energy density
W¯. The N¯ is the function of the force density and the power density in the electromagnetic field and gravitational
field. And the compounding force density is −Σ(ij n¯j)/(2v0), with the Σ(ij n¯j) being one vectorial part of N¯ .
2. Field strength helicity
In the octonion compounding space, the octonion compounding linear momentum density can be defined from the
octonion compounding field source S¯ ,
P¯ = m̂v0 +Σ(mv¯jij) + Σ(MV¯iIi) , (20)
7where M = kegµeq/µg. m̂ = △m + m(v¯
δ
0/v¯0), △m = −kbB¯
∗ ◦ B¯/(v¯0µg); m and m̂ are the inertial mass and the
gravitational mass respectively. B¯ consists of the field strength B and the vorticity U.
Making use of the octonion feature and the above, the gravitational mass m̂ is one reserved quantity similarly, and
is changed with the gravitational strength Bg, the electromagnetic strength Be, and the enstrophy u
∗ · u/8 etc, with
the u being the vectorial part of the vorticity Ug .
3. Field source helicity
In the octonion compounding space, the part force density F¯ is one part of the force-power density N¯, and is defined
from the octonion linear momentum density P¯ ,
F¯ = v0(♦ + kbB¯)
∗
◦ P¯ , (21)
where the above includes the density of the gravitational force, the Lorentz force, the inertial force, and the interacting
force between electromagnetic strength with magnetic moment etc.
The scalar f¯0 of the F¯ is written as,
f¯0/v0 = ∂0p¯0 +∇
∗
· p¯+ h¯
∗
· p¯/v0 + kegH¯
∗
· P¯/v0 , (22)
where B¯g = Σ(h¯iii), B¯e = Σ(H¯iIi). h¯ = Σ(h¯jij) = g¯/v0 + b¯, H¯ = Σ(H¯jIj) = E¯/v0 + B¯. The B¯
∗ · P¯ is the scalar part
of B¯∗ ◦ P¯. The term kegH¯
∗
· P¯ is the field source helicity of the spinning charged objects [20] in the electromagnetic
fields, including the current helicity kegB¯
∗
· P¯ and the helicity term kegE¯
∗
· P¯/v0; h¯
∗
· p¯ is the field source helicity of
the rotational objects in the gravitational fields.
The above is the mass continuity equation in the electromagnetic and gravitational fields, and is influenced by the
current helicity and the enstrophy [21] etc of either the electromagnetic field or the gravitational field, although the
impact of field source helicity may be quite tiny.
A new physical quantity F¯q can be defined from the part force density F¯,
F¯q = F¯ ◦ I
∗
0 . (23)
The scalar part F¯0 of the octonion F¯q is written as,
F¯0/v0 = (∂0P¯0) ◦ I
∗
0 + (∇
∗
· P¯) ◦ I∗0 + (h¯
∗
· P¯/v0 + kegH¯
∗
· p¯/v0) ◦ I
∗
0 , (24)
where the (h¯
∗
· P¯+ kegH¯
∗
· p¯) ◦ I∗0 can be considered as one kind of the helicity.
The above is the charge continuity equation in the presence of the gravitational field and the electromagnetic field
when F¯0 = 0. And the charge continuity equation is the invariant under the octonion coordinate transformation. It
means that the gravitational strength and the electromagnetic strength exert an influence on the charge continuity
equation, although the (h¯
∗
· P¯+ kegH¯
∗
· p¯) ◦ I∗0 and △m both are usually slight when the fields are overlooked.
TABLE V: Some physical quantities in the octonion compounding spaces with the operator (♦ + kbB¯).
definitions meanings
X¯ field quantity
A¯ = ♦ ◦ X¯ field potential
B¯ = ♦ ◦ A¯ field strength
R¯ radius vector
V¯ = v0♦ ◦ R¯ velocity
U¯ = ♦ ◦ V¯ velocity curl
µS¯ = −(♦+ kbB¯)
∗
◦ B¯ field source
H¯b = kbB¯
∗
· B¯ field strength helicity
P¯ = µS¯/µg linear momentum density
R¯ = R+ krxX compounding radius vector
L¯ = R¯ ◦ P¯ angular momentum density
W¯ = v0(♦+ kbB¯) ◦ L¯ torque-energy densities
N¯ = v0(♦+ kbB¯)
∗
◦ W¯ force-power density
F¯ = −N¯/(2v0) force density
H¯s = kbB¯
∗
· P¯ field source helicity
8IV. THE FIELDS REGARDING THE OPERATOR (♦,A)
In the electromagnetic and gravitational fields, the operator (♦+kbB) derives the field potential, field strength, field
source, linear momentum, angular momentum, energy, torque, power, force, and helicity etc, except for the magnetic
helicity. The existence of magnetic helicity reveals that there may exist other kinds of operators for some features of
the electromagnetic and gravitational fields. In this section, the octonion operator (♦ + kbB) should be replaced by
the new operator (♦ + kaA), with the ka being one coefficient for the dimensional homogeneity.
In terms of the new octonion operator (♦+ kaA) in the electromagnetic field [22] and the gravitational field, there
is the field potential, the field strength, the field source, the linear momentum, the angular momentum, the energy,
the torque, the power, the force, and the helicity, including the current helicity and the magnetic helicity etc.
A. Field source and torque
In the electromagnetic field and the gravitational field with the operator (♦ + kaA), the some physical quantities
will remain the same, except for the gravitational mass density etc.
In the octonion space, the octonion basis vector is E = (1, i1, i2, i3, I0, I1, I2, I3), the octonion radius vector is
R = Σ(iiri + kegIiRi), and the octonion velocity is V = Σ(iivi + kegIiVi). Meanwhile the octonion field strength,
B = (♦ + kaA) ◦ A = Bg + kegBe, is defined from the octonion field potential A = Ag + kegAe. The gravitational
strength is Bg = Σ(hiii) = ♦ ◦ Ag + ka(Ag ◦ Ag + k
2
egAe ◦ Ae) in the space Eg, while the electromagnetic strength is
Be = Σ(HiIi) = ♦ ◦ Ae + kakeg(Ae ◦ Ag + Ag ◦ Ae) in the space Ee. The gauge equations are h0 = 0 and H0 = 0.
The linear momentum density Sg is the source for the gravitational field, and the electric current density Se is that
for the electromagnetic field. The octonion field source S satisfies
µS = −(♦+ kaA)
∗
◦ B = µgSg + kegµeSe − kaA
∗
◦ B , (25)
where the kaA
∗ ·B is the scalar part of the octonion kaA
∗ ◦B, and is one kind of the helicity, while the kaA
∗ ·B/(2µg)
is one sort of the field energy density.
The octonion linear momentum density is P = µS/µg = Σ(piii+PiIi), and the octonion angular momentum density
is L = (R+ krxX) ◦ P = Σ(liii +LiIi), with the octonion physical quantity X. The octonion torque-energy density W
is defined from the octonion angular momentum density L and the octonion field potential A,
W = v0(♦+ kaA) ◦ L , (26)
where the octonion W = Σ(wiii) + Σ(WiIi); the −w0/2 is the energy density, the w/2 = Σ(wjij)/2 is the torque
density. p = Σ(pjij); P0 = P0I0; P = Σ(PjIj).
The scalar w0 of W is written as,
w0/v0 = ∂0l0 +∇ · l+ kaa · l+ kaa0l0 + kegka(A · L+A0 ◦ L0) , (27)
where −w0/2 includes the kinetic energy, the field energy, the work, the interacting energy between the dipole moment
with the field potential, and some new terms. The octonion field potential is A = Σ(aiii + kegAiIi). a = Σ(ajij),
A0 = A0I0, A = Σ(AjIj). l = Σ(ljij), L0 = L0I0, L = Σ(LjIj).
In a similar way, expressing the torque density w of W as
w/v0 = ∂0l+∇l0 +∇× l+ kaal0 + kaa× l+ kaa0l+ kegka(A× L+A0 ◦ L+A ◦ L0) , (28)
where the above encompasses some new terms of the torque density.
B. Force
In the octonion space with the operator (♦ + kaA), from the torque-energy density W, the octonion force-power
density, N = Σ(niii) + Σ(NiIi), is defined as follows,
N = v0(♦+ kaA)
∗
◦W , (29)
where the power density is f0 = −n0/(2v0), and the force density is f = −n/(2v0). The vectorial parts are n = Σ(njij),
N0 = N0I0, and N = Σ(NjIj).
Further expressing the scalar n0 of N as
n0/v0 = ∂0w0 +∇
∗
·w+ kaa
∗
·w+ kaa0w0 + kegka(A
∗
·W+A∗0 ◦W0) . (30)
9The force density f in the gravitational and electromagnetic fields with the operator (♦+ kaA) can be defined from
the vectorial part n of the octonion force-power density N ,
− 2f = ∂0w+∇
∗w0 +∇
∗
×w+ ka(a
∗w0 + a
∗
×w+ a0w) + kegka(A
∗
×W +A∗0 ◦W +A
∗
◦W0) , (31)
where the force density f includes that of the inertial force, gradient of energy, and interacting force between dipole
moment with field potential etc. This force definition is a little different from that in the classical field theory, and
encompasses more new force terms regarding the gradient of energy and the field potential etc. In case the field
potential A is weak enough, the force terms about the field potential may be too tiny to be neglected.
C. Helicity
As the deduction of octonion fields with the operator (♦+kaA), the current helicity and magnetic helicity [23] may
impact the gravitational mass density, the charge continuity equation, and the mass continuity equation etc.
1. Field strength helicity
The octonion linear momentum density P = µS/µg can be defined from the octonion field source S in the octonion
space with the operator (♦+ kaA),
P = m̂v0 +Σ(mvjij) + Σ(MViIi) , (32)
where p0 = m̂v0, m̂ = △m+m(v
δ
0/v0), △m = −kaA
∗ · B/(µgv0). A
∗ · B is the scalar part of the octonion A∗ ◦ B.
According to the octonion features, the gravitational mass m̂ is one reserved scalar quantity in the above, and is
changed with the field strength Bg and Be, the field potential Ag and Ae, and the helicity A
∗ · B etc, including the
magnetic helicity A ·B.
2. Field source helicity
The part force density F is one part of the octonion force-power density N, and is defined from the octonion linear
momentum density P ,
F = v0(♦ + kaA)
∗
◦ P , (33)
where the part force density includes that of the inertial force and of the interacting force between the field potential
with the linear momentum density etc.
The scalar f0 of F is written as,
f0/v0 = ∂0p0 +∇
∗
· p+ ka(a
∗
· p+ a0p0) + kegka(A
∗
·P+A∗0 ◦P0) , (34)
where the terms (a∗ ·p+a0p0) and (A
∗
·P+A∗0 ◦P0) can be considered as the helicity in the fields with the operator
(♦+ kaA), as comparing to the fields with the operator (♦+ kbB).
The above is the mass continuity equation in the electromagnetic and gravitational fields with the octonion operator
(♦+kaA), and is influenced by the helicity of the electromagnetic and gravitational fields, although the impact of the
helicity may be quite tiny. And the variation of the mass density with the time may not be continuous always.
A new physical quantity Fq can be defined from the part force density F,
Fq = F ◦ I
∗
0 . (35)
The scalar part F0 of the Fq is written as,
F0/v0 = (∂0P0 +∇
∗
·P) ◦ I∗0 + ka(a
∗
·P+ a0P0) ◦ I
∗
0 + kegka(A
∗
· p+ p0A
∗
0) ◦ I
∗
0 , (36)
where the (a∗ ·P+ a0P0) ◦ I
∗
0 and (A
∗
· p+ p0A
∗
0) ◦ I
∗
0 can be considered as the helicity in the fields too.
The above is the charge continuity equation in the gravitational field and the electromagnetic field with the octonion
operator (♦+ kaA) when F0 = 0. And the charge continuity equation is the invariant under the octonion coordinate
transformation. It states that the gravitational potential and the electromagnetic potential have the influence on the
charge continuity equation, although the terms (a∗ ·P+ a0P0) ◦ I
∗
0, (A
∗
· p+ p0A
∗
0) ◦ I
∗
0, and △m are usually trivial
when the fields are faint. And the variation of the charge density with the time should not be continual forever.
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TABLE VI: Some physical quantities in the octonion spaces with the operator (♦+ kaA).
definitions meanings
X field quantity
A = ♦ ◦ X field potential
B = (♦+ kaA) ◦ A field strength
R radius vector
V = v0♦ ◦ R velocity
U = ♦ ◦ V velocity curl
µS = −(♦+ kaA)
∗
◦ B field source
Hb = kaA
∗
· B field strength helicity
P = µS/µg linear momentum density
R¯ = R + krxX compounding radius vector
L = R¯ ◦ P angular momentum density
W = v0(♦+ kaA) ◦ L torque-energy densities
N = v0(♦+ kaA)
∗
◦W force-power density
F = −N/(2v0) force density
Hs = kaA
∗
· P field source helicity
V. THE FIELDS REGARDING THE OPERATOR (♦,A,B)
In the electromagnetic field and the gravitational field, the two fields with the octonion operator (♦ + kaA) can
conclude some properties except for the current helicity etc, meanwhile the octonion operator (♦+ kbB) may deduce
some other parts of features of two fields except for the magnetic helicity etc. Both of these two descriptions are not
exact enough to describe the characteristics of the electromagnetic field and the gravitational field. In this section,
the operator (♦ + kaA) and (♦ + kbB) should be replaced by the combined operator (♦ + kaA+ kbB) to cover more
characteristics of the electromagnetic field and the gravitational field simultaneously.
By means of the octonion operator (♦+ kaA+ kbB) in the electromagnetic field and the gravitational field, we can
depict the field strength, the field source, the linear momentum, the energy, the torque, the power, the force, and the
helicity, including the current helicity and the magnetic helicity etc.
A. Field source and torque
In the electromagnetic field and gravitational field with the operator (♦+kaA+kbB), the most of physical quantities
will remain the same, except for the gravitational mass density and the helicity etc.
In the fields with the octonion operator (♦+ kaA+ kbB), the octonion basis vector is E = (1, i1, i2, i3, I0, I1, I2, I3),
the octonion radius vector is R = Σ(iiri + kegIiRi), and the octonion velocity is V = Σ(iivi + kegIiVi). The octonion
field strength, B = (♦ + kaA) ◦ A = Bg + kegBe, is defined from the octonion field potential A = Ag + kegAe still.
Herein the gravitational strength is Bg = Σ(hiii) = ♦ ◦ Ag + ka(Ag ◦ Ag + k
2
egAe ◦ Ae), while the electromagnetic
strength is Be = Σ(HiIi) = ♦ ◦ Ae + kakeg(Ae ◦ Ag + Ag ◦ Ae). The gauge equations are h0 = 0 and H0 = 0.
The linear momentum density Sg is the source for the gravitational field, and the electric current density Se is that
for the electromagnetic field. The octonion field source S satisfies
µS = −(♦+ kaA+ kbB)
∗
◦ B = µgSg + kegµeSe − kaA
∗
◦ B− kbB
∗
◦ B , (37)
where the (kaA
∗ · B + kbB
∗ · B) is the field strength helicity, while the (kaA
∗ · B + kbB
∗ · B)/(2µg) is one sort of the
field energy density.
The octonion linear momentum density is P = µS/µg = Σ(piii + PiIi), the octonion angular momentum density
is L = (R + krxX) ◦ P = Σ(liii + LiIi), with the octonion physical quantity X. The octonion torque-energy density
W is defined from the octonion angular momentum density L, the octonion field potential A, and the octonion field
strength B,
W = v0(♦+ kaA+ kbB) ◦ L , (38)
where the octonion W = Σ(wiii) + Σ(WiIi) ; the −w0/2 is the energy density, the w/2 = Σ(wjij)/2 is the torque
density. p = Σ(pjij); P0 = P0I0; P = Σ(PjIj).
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The scalar w0 of W is written as,
w0/v0 = ∂0l0 +∇ · l+ kaa · l+ kaa0l0 + kegka(A · L+A0 ◦ L0) + kb(h · l+ kegH · L) , (39)
where −w0/2 includes the kinetic energy, the gravitational potential energy, the electric potential energy, the magnetic
potential energy, the field energy, the work, the interacting energy between the dipole moment with the fields, and some
new energy terms. The octonion field potential is A = Σ(aiii + kegAiIi). Ag = Σ(aiii), Ag = Σ(AiIi). a = Σ(ajij),
A0 = A0I0, A = Σ(AjIj). l = Σ(ljij), L0 = L0I0, L = Σ(LjIj).
In a similar way, expressing the torque density w of W as
w/v0 = ∂0l+∇l0 +∇× l+ kbl0h+ kbh× l+ kegkb(H× L+H ◦ L0)
+ kaal0 + kaa× l+ kaa0l+ kegka(A× L+A0 ◦ L+A ◦ L0) , (40)
where the above encompasses some new terms of the torque density.
B. Force
In the octonion space with the operator (♦+ kaA+ kbB), the octonion force-power density, N = Σ(niii) +Σ(NiIi),
is defined from the torque-energy density W,
N = v0(♦+ kaA+ kbB)
∗
◦W , (41)
where the power density is f0 = −n0/(2v0), and the force density is f = −n/(2v0). The vectorial parts are n = Σ(njij),
N0 = N0I0, and N = Σ(NjIj).
Further expressing the scalar n0 of the octonion force-power density N as
n0/v0 = ∂0w0 +∇
∗
·w+ ka(a
∗
·w+ a0w0) + kegka(A
∗
·W+A∗0 ◦W0) + kb(h
∗
·w+ kegH
∗
·W) . (42)
In the gravitational field and the electromagnetic field with the operator (♦ + kaA + kbB), the force density f can
be defined from the vectorial part n of the octonion force-power density N ,
−2f = ∂0w+∇
∗w0 +∇
∗
×w+ kbw0h
∗ + kbh
∗
×w+ kegkb(H
∗
×W+H∗ ◦W0)
+ ka(a
∗w0 + a
∗
×w+ a0w) + kegka(A
∗
×W +A∗0 ◦W +A
∗
◦W0) , (43)
where the force density f includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz
force, and the interacting force between the dipole moment with the two fields etc. This force definition is much more
complex than that in the classical field theory, and includes more new force terms regarding the gradient of energy
and the field potential etc. In case the field potential A is distinct enough, the force terms about the field potential
will be detected.
C. Helicity
In the octonion space with the operator (♦+kaA+kbB), the current helicity and magnetic helicity [24] may impact
the gravitational mass density, the charge continuity equation, and the mass continuity equation etc.
1. Field strength helicity
The octonion linear momentum density P = µS/µg can be defined from the octonion field source S in the octonion
space with the operator (♦+ kaA+ kbB),
P = m̂v0 +Σ(mvjij) + Σ(MViIi) , (44)
where m̂ = m(vδ0/v0) +△m, △m = −(kaA
∗ · B+ kbB
∗ · B)/(v0µg).
According to the octonion features, the gravitational mass m̂ is one reserved scalar in the above, and is changed
with the field strength Bg and Be, the field potential Ag and Ae, and the helicity (kaA
∗ · B+ kbB
∗ · B) etc, including
the magnetic helicity A ·B.
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2. Field source helicity
The part force density F is one part of the octonion force-power density N, and is defined from the octonion linear
momentum density P ,
F = v0(♦ + kaA+ kbB)
∗
◦ P , (45)
where the part force density includes that of the inertial force, gravitational force, Lorentz force, and the interacting
force between the fields with the dipoles etc.
The scalar f0 of F is written as,
f0/v0 = ∂0p0 +∇
∗
· p+ ka(a
∗
· p+ a0p0) + kegka(A
∗
·P+A∗0 ◦P0) + kb(h
∗
· p+ kegH
∗
·P) , (46)
where the terms (a∗ · p + a0p0), (A
∗
· P +A∗0 ◦ P0), and (h
∗
· p + kegH
∗
· P) are the helicity in the fields with the
operator (♦+ kaA+ kbB), including the current helicity kegB
∗
·P.
The above is the mass continuity equation in the electromagnetic field and the gravitational field with the operator
(♦ + kaA + kbB), and it is influenced by the helicity of the electromagnetic field and of the gravitational field. The
impact of the helicity may be significant especially in the strong fields.
A new physical quantity Fq can be defined from the part force density F,
Fq = F ◦ I
∗
0 . (47)
The scalar part F0 of the Fq is written as,
F0/v0 = (∂0P0 +∇
∗
·P) ◦ I∗0 + ka(a
∗
·P+ a0P0) ◦ I
∗
0
+ kegka(A
∗
· p+ p0A
∗
0) ◦ I
∗
0 + kb(h
∗
·P+ kegH
∗
· p) ◦ I∗0 , (48)
where the last three terms are the helicity in the gravitational field and electromagnetic field.
The above is the charge continuity equation in the case for coexistence of the gravitational field and electromagnetic
field with the octonion operator (♦ + kaA+ kbB) when F0 = 0. And this charge continuity equation is the invariant
under the octonion coordinate transformation. It states that the potential and the strength of the gravitational and
electromagnetic fields have the influence on the charge continuity equation, although the terms (a∗ ·P + a0P0) ◦ I
∗
0,
(A∗ · p+ p0A
∗
0) ◦ I
∗
0, (h
∗
·P+ kegH
∗
· p) ◦ I∗0, and △m are usually trifling in the weak fields.
TABLE VII: Some physical quantities in the octonion spaces with the operator (♦+ kaA+ kbB).
definitions meanings
X field quantity
A = ♦ ◦ X field potential
B = (♦+ kaA) ◦ A field strength
R radius vector
V = v0♦ ◦ R velocity
U = ♦ ◦ V velocity curl
µS = −(♦+ kaA+ kbB)
∗
◦ B field source
Hb = (kaA+ kbB)
∗
· B field strength helicity
P = µS/µg linear momentum density
R¯ = R+ krxX compounding radius vector
L = R¯ ◦ P angular momentum density
W = v0(♦+ kaA+ kbB) ◦ L torque-energy densities
N = v0(♦+ kaA+ kbB)
∗
◦W force-power density
F = −N/(2v0) force density
Hs = (kaA+ kbB)
∗
· P field source helicity
VI. THE FIELDS REGARDING THE OPERATOR (♦, A¯, B¯)
In the electromagnetic field and gravitational field, the operator (♦+kaA+kbB) can deduce some properties of two
fields, including the angular momentum, current helicity, and magnetic helicity etc. However this description can not
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depict the cross helicity and the kinetic helicity etc in the electromagnetic field and gravitational field. In this section,
the operator (♦+ kaA+ kbB) should be replaced by one new combined operator (♦+ kaA¯+ kbB¯) to encompass more
features of the electromagnetic field and gravitational field simultaneously.
By means of the operator (♦+ kaA¯+ kbB¯) in the electromagnetic field and gravitational field, we can describe the
field strength, field source, linear momentum, energy, torque, power, force, and helicity, including the current helicity,
magnetic helicity, cross helicity, and kinetic helicity etc.
A. Field source and torque
In the electromagnetic field and gravitational field with the operator (♦+ kaA¯+ kbB¯), some physical quantities will
keep unchanged, except for the gravitational mass density and the helicity etc.
In the octonion compounding space with the octonion operator (♦+kaA¯+kbB¯), the octonion basis vector is written
as E = (1, i1, i2, i3, I0, I1, I2, I3), the octonion radius vector is R¯ = Σ(iir¯i + kegIiR¯i), and the octonion velocity is
V¯ = Σ(iiv¯i+ kegIiV¯i). The octonion field strength, B¯ = (♦+ kaA¯) ◦ A¯ = B¯g + kegB¯e, is defined from the octonion field
potential A¯ = A¯g + kegA¯e still. Herein the gravitational strength is B¯g = Σ(h¯iii) = ♦ ◦ A¯g + ka(A¯g ◦ A¯g + k
2
egA¯e ◦ A¯e),
while the electromagnetic strength is B¯e = Σ(H¯iIi) = ♦ ◦ A¯e+ ka(A¯e ◦ A¯g + A¯g ◦ A¯e). Meanwhile the gauge equations
are h¯0 = 0 and H¯0 = 0 respectively.
The linear momentum density S¯g is the source for the gravitational field, and the electric current density S¯e is that
for the electromagnetic field. The octonion field source S¯ satisfies
µS¯ = −(♦+ kaA¯+ kbB¯)
∗
◦ B¯ = µgS¯g + kegµeS¯e − kaA¯
∗
◦ B¯− kbB¯
∗
◦ B¯ , (49)
where (kaA¯
∗ · B¯ + kbB¯
∗ · B¯) is the field strength helicity, and (kaA¯
∗ · B¯ + kbB¯
∗ · B¯)/(2µg) is the field energy density.
A¯∗ · B¯ denotes the scalar part of the octonion A¯∗ ◦ B¯.
The octonion linear momentum density is P¯ = µS¯/µg = Σ(p¯iii+ P¯iIi), and the octonion angular momentum density
is L¯ = R¯ ◦ P¯ = Σ(l¯iii+ L¯iIi). The octonion torque-energy density W¯ is defined from the octonion angular momentum
density L¯, the octonion field potential A¯, and the octonion field strength B¯,
W¯ = v0(♦+ kaA¯+ kbB¯) ◦ L¯ , (50)
where W¯ = Σ(w¯iii) + Σ(W¯iIi); the −w¯0/2 is the energy density, while the w¯/2 = Σ(w¯jij)/2 is the torque density.
p¯ = Σ(p¯jij); P¯0 = P¯0I0; P¯ = Σ(P¯jIj).
The scalar w¯0 of W¯ is written as,
w¯0/v0 = ∂0 l¯0 +∇ · l¯+ kaa¯ · l¯+ kaa¯0 l¯0 + kegka(A¯ · L¯+ A¯0 ◦ L¯0) + kb(h¯ · l¯+ kegH¯ · L¯) , (51)
where −w¯0/2 includes the kinetic energy, the gravitational potential energy, the electric potential energy, the magnetic
potential energy, the field energy, the work, the interacting energy between the dipole moment with the fields, and
some new energy terms. a¯ = Σ(a¯jij), A¯0 = A¯0I0, A¯ = Σ(A¯jIj). l¯ = Σ(l¯jij), L¯0 = L¯0I0, L¯ = Σ(L¯jIj).
In a similar way, expressing the torque density w¯ of W¯ as
w¯/v0 = ∂0l¯+∇l¯0 +∇× l¯+ kb l¯0h¯+ kbh¯× l¯+ kegkb(H¯× L¯+ H¯ ◦ L¯0)
+ kaa¯l¯0 + kaa¯× l¯+ kaa¯0l¯+ kegka(A¯× L¯+ A¯0 ◦ L¯+ A¯ ◦ L¯0) , (52)
where the above encompasses some new terms of the torque density.
B. Force
In the octonion compounding space with the octonion operator (♦+ kaA¯+ kbB¯), the octonion force-power density,
N¯ = Σ(n¯iii) + Σ(N¯iIi), is defined from the torque-energy density W¯,
N¯ = v0(♦+ kaA¯+ kbB¯)
∗
◦ W¯ , (53)
where the power density is f¯0 = −n¯0/(2v0), and the force density is f¯ = −n¯/(2v0). The vectorial parts are n¯ = Σ(n¯jij),
N¯0 = N¯0I0, and N¯ = Σ(N¯jIj).
Further expressing the scalar n¯0 of the octonion force-power density N¯ as
n¯0/v0 = ∂0w¯0 +∇
∗
· w¯+ ka(a¯
∗
· w¯+ a¯0w¯0) + kegka(A¯
∗
· W¯+ A¯
∗
0 ◦ W¯0) + kb(h¯
∗
· w¯+ kegH¯
∗
· W¯) . (54)
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In the gravitational field and the electromagnetic field with the operator (♦ + kaA¯ + kbB¯), the force density f¯ can
be defined from the vectorial part n¯ of the octonion force-power density N¯ ,
−2f¯ = ∂0w¯+∇
∗w¯0 +∇
∗
× w¯+ kbw¯0h¯
∗
+ kbh¯
∗
× w¯+ kegkb(H¯
∗
× W¯+ H¯
∗
◦ W¯0)
+ ka(a¯
∗w¯0 + a¯
∗
× w¯+ a¯0w¯) + kegka(A¯
∗
× W¯ + A¯
∗
0 ◦ W¯ + A¯
∗
◦ W¯0) , (55)
where the force density f¯ includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz
force, and the interacting force between the dipole moment with the fields etc. This force definition is much more
complex than that in the classical field theory, and includes more new force terms related to the gradient of energy,
the field potential, and the angular velocity etc. In case the vorticity U is quick enough, the related force terms about
the vorticity will be detected.
C. Helicity
In the electromagnetic field and the gravitational field, as one necessary part of the octonion compounding space
with the octonion operator (♦ + kaA¯ + kbB¯), the helicity [25] will impact the gravitational mass density, the charge
continuity equation, and the mass continuity equation etc.
1. Field strength helicity
The octonion linear momentum density P¯ = µS¯/µg can be defined from the octonion field source S¯ in the octonion
compounding space with the operator (♦+ kaA¯+ kbB¯),
P¯ = m̂v¯0 +Σ(mv¯jij) + Σ(MV¯iIi) , (56)
where m̂ = m(v¯δ0/v¯0) +△m, △m = −(kaA¯
∗ · B¯+ kbB¯
∗ · B¯)/(v¯0µg) .
According to the octonion features, the gravitational mass m̂ is one reserved scalar in the above, and is changed with
the field strength B¯g and B¯e, the field potential A¯g and A¯e, the enstrophy u
∗ ·u/8, and the helicity (kaA¯
∗ · B¯+kbB¯
∗ · B¯)
etc. The helicity covers the magnetic helicity A¯ · B¯, the kinetic helicity v¯ · u¯, the cross helicity V¯ · B¯, and one new
helicity term A¯ · U¯ etc. Herein A¯ = Σ(A¯jIj), B¯ = Σ(B¯jIj), V¯ = Σ(V¯jIj), U¯ = Σ(U¯jIj).
2. Field source helicity
The part force density F¯ is one part of the octonion force-power density N¯, and is defined from the octonion linear
momentum density P¯ ,
F¯ = v0(♦ + kaA¯+ kbB¯)
∗
◦ P¯ , (57)
where the above part force density includes that of the inertial force, the gravitational force, Lorentz force, and the
interacting force between the fields with the dipoles etc.
The scalar f¯0 of F¯ is written as,
f¯0/v0 = ∂0p¯0 +∇
∗
· p¯+ ka(a¯
∗
· p¯+ a¯0p¯0) + kegka(A¯
∗
· P¯+ A¯
∗
0 ◦ P¯0) + kb(h¯
∗
· p¯+ kegH¯
∗
· P¯) , (58)
where the terms (a¯∗ · p¯+ a¯0p¯0), (A¯
∗
· P¯+ A¯
∗
0 ◦ P¯0), and (h¯
∗
· p¯+ kegH¯
∗
· P¯) are the helicity terms in the two fields
with the operator (♦+ kaA¯+ kbB¯). The helicity covers the magnetic helicity A ·B, the kinetic helicity v ·u, the cross
helicity V ·B, and the current helicity B∗ ·P etc.
The above is the mass continuity equation in the electromagnetic field and the gravitational field with the operator
(♦ + kaA¯ + kbB¯), and it is influenced by the helicity of the electromagnetic field and of the gravitational field. The
impact of the helicity may be significant especially in the strong fields.
A new physical quantity F¯q can be defined from the part force density F¯,
F¯q = F¯ ◦ I
∗
0 . (59)
The scalar part F¯0 of the F¯q is written as,
F¯0/v0 = (∂0P¯0 +∇
∗
· P¯) ◦ I∗0 + ka(a¯
∗
· P¯+ a0P¯0) ◦ I
∗
0
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+ kegka(A¯
∗
· p¯+ p0A¯
∗
0) ◦ I
∗
0 + kb(h¯
∗
· P¯+ kegH¯
∗
· p¯) ◦ I∗0 , (60)
where the last three terms are the helicity terms in the gravitational field and the electromagnetic field.
The above is the charge continuity equation in the case for coexistence of the gravitational field and electromagnetic
field with the octonion operator (♦ + kaA¯+ kbB¯) when F0 = 0. And this charge continuity equation is the invariant
under the octonion coordinate transformation. It states that the potential and the strength of the gravitational and
electromagnetic fields have the influence on the charge continuity equation, although the terms (a¯∗ · P¯ + a0P¯0) ◦ I
∗
0,
(A¯
∗
· p¯+ p0A¯
∗
0) ◦ I
∗
0, (h¯
∗
· P¯+ kegH¯
∗
· p¯) ◦ I∗0, and △m are usually trifling when the fields are weak enough.
TABLE VIII: Some physical quantities in the octonion compounding spaces with the operator (♦+ kaA¯+ kbB¯).
definitions meanings
X¯ field quantity
A¯ = ♦ ◦ X¯ field potential
B¯ = (♦+ kaA¯) ◦ A¯ field strength
R¯ radius vector
V¯ = v0♦ ◦ R¯ velocity
U¯ = ♦ ◦ V¯ velocity curl
µS¯ = −(♦+ kaA¯+ kbB¯)
∗
◦ B¯ field source
H¯b = (kaA¯+ kbB¯)
∗
· B¯ field strength helicity
P¯ = µS¯/µg linear momentum density
R¯ = R+ krxX compounding radius vector
L¯ = R¯ ◦ P¯ angular momentum density
W¯ = v0(♦+ kaA¯+ kbB¯) ◦ L¯ torque-energy densities
N¯ = v0(♦+ kaA¯+ kbB¯)
∗
◦ W¯ force-power density
F¯ = −N¯/(2v0) force density
H¯s = (kaA¯+ kbB¯)
∗
· P¯ field source helicity
VII. THE FIELDS REGARDING THE OPERATOR (♦, X¯, A¯, B¯)
In the electromagnetic field and the gravitational field, the operator (♦+ kaA¯+ kbB¯) can conclude the most of the
two fields’ properties, including the angular momentum, the current helicity, the magnetic helicity, the cross helicity,
and the kinetic helicity etc of the rotational objects and spinning charged objects. The results arouse us to speculate
that there may be other physical quantities affecting the helicities. In this section, the operator (♦+kaA¯+kbB¯) should
be replaced by one new combined operator (♦+kxX¯+kaA¯+kbB¯) to contain more characteristics of the electromagnetic
field and gravitational field simultaneously, with the kx being the coefficient for the dimensional homogeneity.
By means of the operator (♦+ kxX¯+ kaA¯+ kbB¯) in the electromagnetic and gravitational fields, we can depict the
field strength, the field source, the linear momentum, the energy, the torque, the force, and the helicity, including the
influence of X on the gravitational mass, the charge continuity equation, and the mass continuity equation.
A. Field source and torque
In the electromagnetic field and the gravitational field with the operator (♦ + kxX¯+ kaA¯+ kbB¯), some quantities
will keep unchanged, except for the gravitational mass density and the helicity etc.
In the octonion compounding space with the operator (♦ + kxX¯ + kaA¯ + kbB¯), the octonion basis vector is E =
(1, i1, i2, i3, I0, I1, I2, I3), the radius vector is R¯ = Σ(iir¯i + kegIiR¯i), and the velocity is V¯ = Σ(iiv¯i + kegIiV¯i). The
octonion field potential is defined as A¯ = (♦+ kxX¯) ◦ X¯ = A¯g + kegA¯e. The gravitational potential is A¯g = Σ(x¯iii) =
♦◦ X¯g+kx(X¯g ◦ X¯g+k
2
egX¯e ◦ X¯e), while the electromagnetic potential is A¯e = Σ(X¯iIi) = ♦◦ X¯e+kx(X¯e ◦ X¯g+ X¯g ◦ X¯e).
Meanwhile the octonion field strength is defined as B¯ = (♦+kxX¯+kaA¯)◦ A¯ = B¯g+kegB¯e. The gravitational strength
is B¯g = Σ(h¯iii) = ♦ ◦ A¯g + kx(X¯g ◦ A¯g + k
2
egX¯e ◦ A¯e) + ka(A¯g ◦ A¯g + k
2
egA¯e ◦ A¯e), while the electromagnetic strength is
B¯e = Σ(H¯iIi) = ♦ ◦ A¯e + kx(X¯e ◦ A¯g + X¯g ◦ A¯e) + ka(A¯e ◦ A¯g + A¯g ◦ A¯e). The gauge equations are h¯0 = 0 and H¯0 = 0.
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The linear momentum density S¯g is the source for the gravitational field, and the electric current density S¯e is that
for the electromagnetic field. The octonion field source S¯ satisfies
µS¯ = −(♦+ kxX¯+ kaA¯+ kbB¯)
∗
◦ B¯ = µgS¯g + kegµeS¯e − kxX¯
∗
◦ B¯− kaA¯
∗
◦ B¯− kbB¯
∗
◦ B¯ , (61)
where (kxX¯
∗ · B¯+ kaA¯
∗ · B¯+ kbB¯
∗ · B¯) is the field strength helicity.
The octonion linear momentum density is P¯ = µS¯/µg = Σ(p¯iii+ P¯iIi), and the octonion angular momentum density
is L¯ = R¯ ◦ P¯ = Σ(l¯iii+ L¯iIi). The octonion torque-energy density W¯ is defined from the octonion angular momentum
density L¯, the octonion field potential A¯, and the octonion field strength B¯ etc,
W¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯) ◦ L¯ , (62)
where the octonion W¯ = Σ(w¯iii) +Σ(W¯iIi); the −w¯0/2 is the energy density, and the w¯/2 = Σ(w¯jij)/2 is the torque
density. p¯ = Σ(p¯jij); P¯0 = P¯0I0; P¯ = Σ(P¯jIj).
The scalar w¯0 of W¯ is written as,
w¯0/v0 = ∂0 l¯0 +∇ · l¯+ kaa¯ · l¯+ kaa¯0 l¯0 + kegka(A¯ · L¯+ A¯0 ◦ L¯0) + kb(h¯ · l¯+ kegH¯ · L¯)
+ kxx¯ · l¯+ kxx¯0 l¯0 + kegkx(X¯ · L¯+ X¯0 ◦ L¯0) , (63)
where −w¯0/2 includes the kinetic energy, gravitational potential energy, electric potential energy, magnetic potential
energy, field energy, work, the interacting energy between the dipole moment with the fields, and some new energy
terms. x¯ = Σ(x¯jij), X¯0 = X¯0I0, X¯ = Σ(X¯jIj).
In a similar way, expressing the torque density w¯ of W¯ as
w¯/v0 = ∂0l¯+∇l¯0 +∇× l¯+ kb l¯0h¯+ kbh¯× l¯+ kegkb(H¯× L¯+ H¯ ◦ L¯0)
+ kaa¯l¯0 + kaa¯× l¯+ kaa¯0l¯+ kegka(A¯× L¯+ A¯0 ◦ L¯+ A¯ ◦ L¯0)
+ kxx¯l¯0 + kxx¯× l¯+ kxx¯0 l¯+ kegkx(X¯× L¯+ X¯0 ◦ L¯+ X¯ ◦ L¯0) , (64)
where the above encompasses some new terms of the torque density.
B. Force
In the octonion compounding space with the operator (♦ + kxX¯ + kaA¯ + kbB¯), the octonion force-power density,
N¯ = Σ(n¯iii) + Σ(N¯iIi), is defined from the torque-energy density W¯,
N¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯)
∗
◦ W¯ , (65)
where the power density is f¯0 = −n¯0/(2v0), and the force density is f¯ = −n¯/(2v0). The vectorial parts are n¯ = Σ(n¯jij),
N¯0 = N¯0I0, and N¯ = Σ(N¯jIj).
Further expressing the scalar n¯0 of the octonion force-power density N¯ as
n¯0/v0 = ∂0w¯0 +∇
∗
· w¯+ kb(h¯
∗
· w¯+ kegH¯
∗
· W¯) + ka(a¯
∗
· w¯+ a¯0w¯0) + kegka(A¯
∗
· W¯+ A¯
∗
0 ◦ W¯0)
+ kx(x¯
∗
· w¯+ x¯0w¯0) + kegkx(X¯
∗
· W¯+ X¯
∗
0 ◦ W¯0) . (66)
In the gravitational field and the electromagnetic field with the operator (♦+ kxX¯+ kaA¯+ kbB¯), the force density
f¯ can be defined from the vectorial part n¯ of the octonion force-power density N¯ ,
−2f¯ = ∂0w¯+∇
∗w¯0 +∇
∗
× w¯+ kbw¯0h¯
∗
+ kbh¯
∗
× w¯+ kegkb(H¯
∗
× W¯+ H¯
∗
◦ W¯0)
+ ka(a¯
∗w¯0 + a¯
∗
× w¯+ a¯0w¯) + kegka(A¯
∗
× W¯ + A¯
∗
0 ◦ W¯ + A¯
∗
◦ W¯0)
+ kx(x¯
∗w¯0 + x¯
∗
× w¯+ x¯0w¯) + kegkx(X¯
∗
× W¯+ X¯
∗
0 ◦ W¯+ X¯
∗
◦ W¯0) , (67)
where the force density f¯ includes that of the inertial force, gravitational force, gradient of energy, Lorentz force, and
the interacting force between the dipole moment with the fields etc. This force definition includes more new force
terms regarding the gradient of energy, the field potential, and the angular velocity etc. In case the octonion X¯ is
distinct enough, the related force terms could be detected.
C. Helicity
In the octonion compounding space with the operator (♦+ kxX¯+ kaA¯+ kbB¯), some helicity terms will impact the
gravitational mass density, the charge continuity equation, and the mass continuity equation etc.
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1. Field strength helicity
The octonion linear momentum density P¯ = µS¯/µg can be defined from the octonion field source S¯ in the octonion
compounding space with the operator (♦+ kxX¯+ kaA¯+ kbB¯),
P¯ = m̂v¯0 +Σ(mv¯jij) + Σ(MV¯iIi) , (68)
where m̂ = m(v¯δ0/v¯0) +△m, △m = −(kxX¯
∗ · B¯+ kaA¯
∗ · B¯+ kbB¯
∗ · B¯)/(v¯0µg) .
According to the octonion features, the gravitational mass m̂ is one reserved scalar in the above, and is changed
with the field strength B¯g and B¯e, the field potential A¯g and A¯e, the helicity (kxX¯
∗ · B¯ + kaA¯
∗ · B¯ + kbB¯
∗ · B¯), the
enstrophy u∗ · u/8, and the octonion X¯g and X¯e etc in the octonion compounding space. The helicity covers the
magnetic helicity A¯ · B¯, the kinetic helicity v¯ · u¯, the cross helicity V¯ · B¯, and one new helicity term A¯ · U¯ etc.
2. Field source helicity
The part force density F¯ is one part of the octonion force-power density N¯, and is defined from the octonion linear
momentum density P¯ ,
F¯ = v0(♦ + kxX¯+ kaA¯+ kbB¯)
∗
◦ P¯ , (69)
where the part force density includes that of the inertial force, gravitational force, Lorentz force, and the interacting
force between the fields with the dipoles etc.
The scalar f¯0 of F¯ is written as,
f¯0/v0 = ∂0p¯0 +∇
∗
· p¯+ kb(h¯
∗
· p¯+ kegH¯
∗
· P¯)
+ ka(a¯
∗
· p¯+ a¯0p¯0) + kegka(A¯
∗
· P¯+ A¯
∗
0 ◦ P¯0)
+ kx(x¯
∗
· p¯+ x¯0p¯0) + kegkx(X¯
∗
· P¯+ X¯
∗
0 ◦ P¯0) , (70)
where the field source helicity in the fields with the operator (♦+ kxX¯+ kaA¯+ kbB¯) covers the terms (a¯
∗ · p¯+ a¯0p¯0),
(A¯
∗
· P¯+ A¯
∗
0 ◦ P¯0), (h¯
∗
· p¯+ kegH¯
∗
· P¯), (x¯∗ · p¯+ x¯0p¯0), and (X¯
∗
· P¯+ X¯
∗
0 ◦ P¯0) etc. And they include the magnetic
helicity A ·B, the kinetic helicity v · u, the cross helicity V ·B, and the current helicity B∗ ·P etc.
The above is the mass continuity equation in the electromagnetic field and the gravitational field with the operator
(♦+ kxX¯+ kaA¯+ kbB¯), and it is influenced by the helicity [26] of electromagnetic field and of gravitational field. The
impact of the helicity may be detected in the strong fields.
A new physical quantity F¯q can be defined from the part force density F¯,
F¯q = F¯ ◦ I
∗
0 . (71)
TABLE IX: Some quantities in the octonion compounding spaces with the operator (♦ + kxX¯+ kaA¯+ kbB¯).
definitions meanings
X¯ field quantity
A¯ = (♦+ kxX¯) ◦ X¯ field potential
B¯ = (♦+ kxX¯+ kaA¯) ◦ A¯ field strength
R¯ radius vector
V¯ = v0♦ ◦ R¯ velocity
U¯ = ♦ ◦ V¯ velocity curl
µS¯ = −(♦+ kxX¯+ kaA¯+ kbB¯)
∗
◦ B¯ field source
H¯b = (kxX¯+ kaA¯+ kbB¯)
∗
· B¯ field strength helicity
P¯ = µS¯/µg linear momentum density
R¯ = R+ krxX compounding radius vector
L¯ = R¯ ◦ P¯ angular momentum density
W¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯) ◦ L¯ torque-energy densities
N¯ = v0(♦+ kxX¯+ kaA¯ + kbB¯)
∗
◦ W¯ force-power density
F¯ = −N¯/(2v0) force density
H¯s = (kxX¯+ kaA¯+ kbB¯)
∗
· P¯ field source helicity
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The scalar part F¯0 of the F¯q is written as,
F¯0/v0 = (∂0P¯0 +∇
∗
· P¯) ◦ I∗0 + ka(a¯
∗
· P¯+ a0P¯0) ◦ I
∗
0 + kegka(A¯
∗
· p¯+ p0A¯
∗
0) ◦ I
∗
0
+ kx(x¯
∗
· P¯+ x0P¯0) ◦ I
∗
0 + kegkx(X¯
∗
· p¯+ p0X¯
∗
0) ◦ I
∗
0 + kb(h¯
∗
· P¯+ kegH¯
∗
· p¯) ◦ I∗0 , (72)
where the last five terms are the helicity in the gravitational field and electromagnetic field.
The above is the charge continuity equation in the case for coexistence of the gravitational field and electromagnetic
field with the octonion operator (♦ + kxX¯ + kaA¯ + kbB¯) when F0 = 0. And this charge continuity equation is the
invariant under the octonion coordinate transformation. It states that the potential A¯, the strength B¯ and the octonion
X¯ of the gravitational and electromagnetic fields have the influence on the charge continuity equation, although the
terms (a¯∗ · P¯+ a0P¯0) ◦ I
∗
0, (A¯
∗
· p¯+ p0A¯
∗
0) ◦ I
∗
0, (h¯
∗
· P¯+ kegH¯
∗
· p¯) ◦ I∗0, (x¯
∗ · P¯+ x0P¯0) ◦ I
∗
0, (X¯
∗
· p¯+ p0X¯
∗
0) ◦ I
∗
0,
and △m are usually trifling when the fields are faint enough.
VIII. THE FIELDS REGARDING THE OPERATOR (♦, X¯, A¯, B¯, S¯)
In the electromagnetic and gravitational fields, the octonion operator (♦ + kxX¯ + kaA¯ + kbB¯) can deduce some
physical properties of two fields, including the linear momentum, the angular momentum, and some helicities of the
rotational objects as well as the spinning charged objects. Those researches inspirit us further to presume that the S¯
may impact the helicities. In this section, the octonion operator (♦ + kxX¯ + kaA¯ + kbB¯) should be replaced by one
combined operator (♦+kxX¯+kaA¯+kbB¯+ksS¯) to comprise more features of the electromagnetic field and gravitational
field simultaneously, with the ks being the coefficient for the dimensional homogeneity.
By means of the octonion operator (♦ + kxX¯ + kaA¯ + kbB¯ + ksS¯) in the electromagnetic and gravitational fields,
we can bewrite the field strength, the field source, the linear momentum, the energy, the torque, the force, and the
helicity, including the influence of S on the torque, the force, and the helicity etc.
A. Field source and torque
In the electromagnetic field and the gravitational field with the octonion operator (♦+kxX¯+kaA¯+kbB¯+ksS¯), the
most of physical quantities will keep unchanged, except for the gravitational mass density and the helicity terms etc.
Some octonion physical quantities in the octonion compounding space with the operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯)
are the same as that with the octonion operator (♦ + kxX¯ + kaA¯ + kbB¯), including the octonion basis vector, the
octonion radius vector, the octonion velocity, the octonion velocity curl, the field potential, the gravitational potential,
the electromagnetic potential, the octonion field strength, the gravitational strength, the electromagnetic strength,
the field source, the linear momentum, the electric current, the gauge equations, and the field strength helicity etc.
The octonion linear momentum density is P¯ = µS¯/µg = Σ(p¯iii+ P¯iIi), and the octonion angular momentum density
is L¯ = R¯◦ P¯ = Σ(l¯iii+ L¯iIi). Meanwhile the octonion torque-energy density W¯ is defined from the angular momentum
density L¯, the field strength B¯, and the field source S¯ etc,
W¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯) ◦ L¯ , (73)
where S¯ = Σ(s¯iii) + kegΣ(S¯iIi); −w¯0/2 is the energy density, w¯/2 = Σ(w¯jij)/2 is the torque density.
The scalar w¯0 of the octonion W¯ = Σ(w¯iii) + Σ(W¯iIi) is written as,
w¯0/v0 = ∂0 l¯0 +∇ · l¯+ kb(h¯ · l¯+ kegH¯ · L¯)
+ kaa¯ · l¯+ kaa¯0 l¯0 + kegka(A¯ · L¯+ A¯0 ◦ L¯0)
+ kxx¯ · l¯+ kxx¯0 l¯0 + kegkx(X¯ · L¯+ X¯0 ◦ L¯0)
+ kss¯ · l¯+ kss¯0 l¯0 + kegks(S¯ · L¯+ S¯0 ◦ L¯0) , (74)
where −w¯0/2 includes the kinetic energy, gravitational potential energy, electric potential energy, magnetic potential
energy, field energy, work, the interacting energy between the dipole moment with the fields, and some new energy
terms. s¯ = Σ(s¯jij), S¯0 = S¯0I0, S¯ = Σ(S¯jIj).
In a similar way, expressing the torque density w¯ of W¯ as
w¯/v0 = ∂0l¯+∇l¯0 +∇× l¯+ kb l¯0h¯+ kbh¯× l¯+ kegkb(H¯× L¯+ H¯ ◦ L¯0)
+ kaa¯l¯0 + kaa¯× l¯+ kaa¯0l¯+ kegka(A¯× L¯+ A¯0 ◦ L¯+ A¯ ◦ L¯0)
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+ kxx¯l¯0 + kxx¯× l¯+ kxx¯0 l¯+ kegkx(X¯× L¯+ X¯0 ◦ L¯+ X¯ ◦ L¯0)
+ kss¯l¯0 + kss¯× l¯+ kss¯0l¯+ kegks(S¯× L¯+ S¯0 ◦ L¯+ S¯ ◦ L¯0) , (75)
where the above encompasses some new terms of the torque density.
B. Force
In the octonion compounding space with the operator (♦+kxX¯+kaA¯+kbB¯+ksS¯), the octonion force-power density,
N¯ = Σ(n¯iii) + Σ(N¯iIi), is defined from the torque-energy density W¯,
N¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯)
∗
◦ W¯ , (76)
where the power density is f¯0 = −n¯0/(2v0), and the force density is f¯ = −n¯/(2v0). The vectorial parts are n¯ = Σ(n¯jij),
N¯0 = N¯0I0, and N¯ = Σ(N¯jIj).
Further expressing the scalar n¯0 of the octonion force-power density N¯ as
n¯0/v0 = ∂0w¯0 +∇
∗
· w¯+ kb(h¯
∗
· w¯+ kegH¯
∗
· W¯)
+ ka(a¯
∗
· w¯+ a¯0w¯0) + kegka(A¯
∗
· W¯+ A¯
∗
0 ◦ W¯0)
+ kx(x¯
∗
· w¯+ x¯0w¯0) + kegkx(X¯
∗
· W¯+ X¯
∗
0 ◦ W¯0)
+ ks(s¯
∗
· w¯+ s¯0w¯0) + kegks(S¯
∗
· W¯+ S¯
∗
0 ◦ W¯0) . (77)
In the gravitational field and electromagnetic field with the operator (♦+kxX¯+kaA¯+kbB¯+ksS¯), the force density
f¯ can be defined from the vectorial part n¯ of the octonion force-power density N¯ ,
−2f¯ = ∂0w¯+∇
∗w¯0 +∇
∗
× w¯+ kbw¯0h¯
∗
+ kbh¯
∗
× w¯+ kegkb(H¯
∗
× W¯+ H¯
∗
◦ W¯0)
+ ka(a¯
∗w¯0 + a¯
∗
× w¯+ a¯0w¯) + kegka(A¯
∗
× W¯ + A¯
∗
0 ◦ W¯ + A¯
∗
◦ W¯0)
+ kx(x¯
∗w¯0 + x¯
∗
× w¯+ x¯0w¯) + kegkx(X¯
∗
× W¯+ X¯
∗
0 ◦ W¯+ X¯
∗
◦ W¯0)
+ ks(s¯
∗w¯0 + s¯
∗
× w¯+ s¯0w¯) + kegks(S¯
∗
× W¯+ S¯
∗
0 ◦ W¯+ S¯
∗
◦ W¯0) , (78)
where the force density f¯ includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz
force, and the interacting force between the dipole moment with the fields etc. This force definition is more complex
than that in the classical field theory, and includes more new force terms regarding the gradient of energy, the field
potential, and the angular velocity etc.
C. Helicity
As the inference of the compounding space with the operator (♦ + kxX¯ + kaA¯ + kbB¯ + ksS¯), the helicity [27] will
impact the gravitational mass, the charge continuity equation, and the mass continuity equation etc.
1. Field strength helicity
The octonion linear momentum density P¯ = µS¯/µg can be defined from the octonion field source S¯ in the octonion
compounding space with the operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯),
P¯ = m̂v¯0 +Σ(mv¯jij) + Σ(MV¯iIi) , (79)
where m̂ = m(v¯δ0/v¯0) +△m, △m = −(kxX¯
∗ · B¯+ kaA¯
∗ · B¯+ kbB¯
∗ · B¯)/(v¯0µg) .
According to the octonion features, the gravitational mass m̂ is one reserved scalar in the above, and is changed
with the field strength B¯g and B¯e, the field potential A¯g and A¯e, the helicity (kxX¯
∗ · B¯ + kaA¯
∗ · B¯ + kbB¯
∗ · B¯), the
enstrophy u∗ · u/8, and the octonion X¯g and X¯e etc in the octonion compounding space. The helicity covers the
magnetic helicity A¯ · B¯, the kinetic helicity v¯ · u¯, the cross helicity V¯ · B¯, and one new helicity term A¯ · U¯ etc. But
the field source S¯ does not impact the field strength helicity in the octonion compounding space with the octonion
operator (♦+kxX¯+kaA¯+kbB¯+ksS¯). And that this field can not be distinguished from the compounding space with
the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯), according to the viewpoint of the field strength helicity.
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TABLE X: Some quantities with the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯).
definitions meanings
X¯ field quantity
A¯ = (♦+ kxX¯) ◦ X¯ field potential
B¯ = (♦+ kxX¯+ kaA¯) ◦ A¯ field strength
R¯ radius vector
V¯ = v0♦ ◦ R¯ velocity
U¯ = ♦ ◦ V¯ velocity curl
µS¯ = −(♦+ kxX¯+ kaA¯+ kbB¯)
∗
◦ B¯ field source
H¯b = (kxX¯+ kaA¯+ kbB¯)
∗
· B¯ field strength helicity
P¯ = µS¯/µg linear momentum density
R¯ = R+ krxX compounding radius vector
L¯ = R¯ ◦ P¯ angular momentum density
W¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯) ◦ L¯ torque-energy densities
N¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯)
∗
◦ W¯ force-power density
F¯ = −N¯/(2v0) force density
H¯s = (kxX¯+ kaA¯+ kbB¯+ ksS¯)
∗
· P¯ field source helicity
2. Field source helicity
The part force density F¯ is one part of the octonion force-power density N¯, and is defined from the octonion linear
momentum density P¯ ,
F¯ = v0(♦ + kxX¯+ kaA¯+ kbB¯+ ksS¯)
∗
◦ P¯ , (80)
where the part force density F¯ includes the density of the inertial force, the gravitational force, Lorentz force, and the
interacting force between the fields with the dipoles etc.
The scalar f¯0 of F¯ is written as,
f¯0/v0 = ∂0p¯0 +∇
∗
· p¯+ kb(h¯
∗
· p¯+ kegH¯
∗
· P¯)
+ ka(a¯
∗
· p¯+ a¯0p¯0) + kegka(A¯
∗
· P¯+ A¯
∗
0 ◦ P¯0)
+ kx(x¯
∗
· p¯+ x¯0p¯0) + kegkx(X¯
∗
· P¯+ X¯
∗
0 ◦ P¯0)
+ ks(s¯
∗
· p¯+ s¯0p¯0) + kegks(S¯
∗
· P¯+ S¯
∗
0 ◦ P¯0) , (81)
where the field source helicity in the fields with the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯) covers the helicity
terms (a¯∗ · p¯ + a¯0p¯0), (A¯
∗
· P¯ + A¯
∗
0 ◦ P¯0), (h¯
∗
· p¯ + kegH¯
∗
· P¯), (x¯∗ · p¯+ x¯0p¯0), (X¯
∗
· P¯ + X¯
∗
0 ◦ P¯0), (s¯
∗ · p¯ + s¯0p¯0),
and (S¯
∗
· P¯+ S¯
∗
0 ◦ P¯0) etc. And they include the magnetic helicity A ·B, the kinetic helicity v · u, the cross helicity
V ·B, and the current helicity B∗ ·P etc.
The above is the mass continuity equation in the electromagnetic field and the gravitational field with the operator
(♦+kxX¯+kaA¯+kbB¯+ksS¯), and is influenced by the helicity of electromagnetic field and the gravitational field. The
impact of the helicity related to the S¯ may be detected sometimes.
A new physical quantity F¯q can be defined from the part force density F¯,
F¯q = F¯ ◦ I
∗
0 . (82)
The scalar part F¯0 of the F¯q is written as,
F¯0/v0 = (∂0P¯0 +∇
∗
· P¯) ◦ I∗0 + kb(h¯
∗
· P¯+ kegH¯
∗
· p¯) ◦ I∗0
+ ka(a¯
∗
· P¯+ a0P¯0) ◦ I
∗
0 + kegka(A¯
∗
· p¯+ p0A¯
∗
0) ◦ I
∗
0
+ kx(x¯
∗
· P¯+ x0P¯0) ◦ I
∗
0 + kegkx(X¯
∗
· p¯+ p0X¯
∗
0) ◦ I
∗
0
+ ks(s¯
∗
· P¯+ s0P¯0) ◦ I
∗
0 + kegks(S¯
∗
· p¯+ p0S¯
∗
0) ◦ I
∗
0 , (83)
where the last seven terms are the helicity in the gravitational field and electromagnetic field.
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The above is the charge continuity equation in the case for coexistence of the gravitational field and electromagnetic
field with the octonion operator (♦ + kxX¯ + kaA¯ + kbB¯ + ksS¯) when F0 = 0. And this charge continuity equation is
the invariant under the octonion coordinate transformation. It states that the physical quantity X¯, A¯, B¯, and S¯ of the
gravitational field and the electromagnetic field have the influence on the charge continuity equation, although the
terms (a¯∗ · P¯+ a0P¯0) ◦ I
∗
0, (A¯
∗
· p¯+ p0A¯
∗
0) ◦ I
∗
0, (h¯
∗
· P¯+ kegH¯
∗
· p¯) ◦ I∗0, (x¯
∗ · P¯+ x0P¯0) ◦ I
∗
0, (X¯
∗
· p¯+ p0X¯
∗
0) ◦ I
∗
0,
(s¯∗ · P¯+ s0P¯0) ◦ I
∗
0, (S¯
∗
· p¯+ p0S¯
∗
0) ◦ I
∗
0, and △m are usually trifling when the fields are feeble enough.
IX. THE FIELDS REGARDING THE OPERATOR (♦, X¯, A¯, B¯, S¯, L¯)
In the electromagnetic field and gravitational field, the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯) can derive
the physical properties of two fields, including the octonion linear momentum, the octonion angular momentum, the
energy, the torque, the power, the force, and some helicities of the rotational objects as well as the spinning charged
objects. Further those results lead us to assume that the angular momentum L¯may exert an influence on the helicities.
In this section, one new octonion operator (♦ + kxX¯+ kaA¯+ kbB¯ + ksS¯+ klL¯) will instead of the octonion operator
(♦+kxX¯+kaA¯+kbB¯+ksS¯) to include more properties of the electromagnetic and gravitational fields simultaneously,
with the kl being the coefficient for the dimensional homogeneity.
By means of the octonion operator (♦+kxX¯+kaA¯+kbB¯+ksS¯+klL¯) in the electromagnetic field and gravitational
field, we can represent the octonion field potential, the octonion field strength, the octonion field source, the octonion
linear momentum, the energy, the torque, the force, and some helicities, including the influence of the L on the torque,
the force, and the helicity etc.
A. Field source and torque
In the electromagnetic and gravitational fields with the operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯), the majority
physical quantities will remain the same, except for the gravitational mass density, the charge continuity equation, the
mass continuity equation, and the helicity terms etc. Some octonion physical quantities in the octonion compounding
space with the octonion operator (♦+kxX¯+kaA¯+kbB¯+ksS¯+klL¯) are the same as that in the space with the operator
(♦+kxX¯+kaA¯+kbB¯+ksS¯) respectively, including the octonion basis vector, the octonion radius vector, the octonion
velocity, the octonion vorticity, the octonion field potential, the gravitational potential, the electromagnetic potential,
the octonion field strength, the gravitational strength, the electromagnetic strength, the octonion field source, the
octonion linear momentum, the electric current, and the field strength helicity etc.
The octonion linear momentum density is P¯ = µS¯/µg = Σ(p¯iii+ P¯iIi), and the octonion angular momentum density
is L¯ = R¯◦ P¯ = Σ(l¯iii+ L¯iIi). Meanwhile the octonion torque-energy density W¯ is defined from the angular momentum
density L¯, the field strength B¯, and the field source S¯ etc,
W¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯) ◦ L¯ , (84)
where S¯ = Σ(s¯iii) + kegΣ(S¯iIi); −w¯0/2 is the energy density, w¯/2 = Σ(w¯jij)/2 is the torque density.
The scalar w¯0 of the angular momentum density W¯ = Σ(w¯iii) + Σ(W¯iIi) is written as,
w¯0/v0 = ∂0 l¯0 +∇ · l¯+ kb(h¯ · l¯+ kegH¯ · L¯)
+ kaa¯ · l¯+ kaa¯0 l¯0 + kegka(A¯ · L¯+ A¯0 ◦ L¯0)
+ kxx¯ · l¯+ kxx¯0 l¯0 + kegkx(X¯ · L¯+ X¯0 ◦ L¯0)
+ kss¯ · l¯+ kss¯0 l¯0 + kegks(S¯ · L¯+ S¯0 ◦ L¯0)
+ kl l¯ · l¯+ kl l¯
2
0 + kegkl(L¯ · L¯+ L¯0 ◦ L¯0) , (85)
where −w¯0/2 includes the kinetic energy, the gravitational potential energy, the electric potential energy, the magnetic
potential energy, the field energy, the work, the interacting energy between the dipole moment with the fields, and
some new energy terms. l¯ = Σ(l¯jij), L¯0 = L¯0I0, L¯ = Σ(L¯jIj). ♦ = Σ(ii∂i).
In a similar way, expressing the torque density w¯ of the angular momentum density W¯ as
w¯/v0 = ∂0l¯+∇l¯0 +∇× l¯+ kb l¯0h¯+ kbh¯× l¯+ kegkb(H¯× L¯+ H¯ ◦ L¯0)
+ kaa¯l¯0 + kaa¯× l¯+ kaa¯0l¯+ kegka(A¯× L¯+ A¯0 ◦ L¯+ A¯ ◦ L¯0)
+ kxx¯l¯0 + kxx¯× l¯+ kxx¯0 l¯+ kegkx(X¯× L¯+ X¯0 ◦ L¯+ X¯ ◦ L¯0)
+ kss¯l¯0 + kss¯× l¯+ kss¯0l¯+ kegks(S¯× L¯+ S¯0 ◦ L¯+ S¯ ◦ L¯0) + 2kl l¯0l¯ , (86)
where the above includes some new terms of the torque density.
22
B. Force
In the octonion compounding space with the operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯), the octonion force-power
density, N¯ = Σ(n¯iii) + Σ(N¯iIi), is defined as follows,
N¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯)
∗
◦ W¯ , (87)
where the power density is f¯0 = −n¯0/(2v0), and the force density is f¯ = −n¯/(2v0). The vectorial parts are n¯ = Σ(n¯jij),
N¯0 = N¯0I0, and N¯ = Σ(N¯jIj).
Further expressing the scalar n¯0 of the octonion N¯ as
n¯0/v0 = ∂0w¯0 +∇
∗
· w¯+ kb(h¯
∗
· w¯+ kegH¯
∗
· W¯)
+ ka(a¯
∗
· w¯+ a¯0w¯0) + kegka(A¯
∗
· W¯+ A¯
∗
0 ◦ W¯0)
+ kx(x¯
∗
· w¯+ x¯0w¯0) + kegkx(X¯
∗
· W¯+ X¯
∗
0 ◦ W¯0)
+ ks(s¯
∗
· w¯+ s¯0w¯0) + kegks(S¯
∗
· W¯+ S¯
∗
0 ◦ W¯0)
+ kl(¯l
∗
· w¯+ l¯0w¯0) + kegkl(L¯
∗
· W¯+ L¯
∗
0 ◦ W¯0) . (88)
In the gravitational field and electromagnetic field with the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯),
the force density f¯ can be defined from the vectorial part n¯ of N¯ ,
−2f¯ = ∂0w¯+∇
∗w¯0 +∇
∗
× w¯+ kbw¯0h¯
∗
+ kbh¯
∗
× w¯+ kegkb(H¯
∗
× W¯+ H¯
∗
◦ W¯0)
+ ka(a¯
∗w¯0 + a¯
∗
× w¯+ a¯0w¯) + kegka(A¯
∗
× W¯ + A¯
∗
0 ◦ W¯ + A¯
∗
◦ W¯0)
+ kx(x¯
∗w¯0 + x¯
∗
× w¯+ x¯0w¯) + kegkx(X¯
∗
× W¯+ X¯
∗
0 ◦ W¯+ X¯
∗
◦ W¯0)
+ ks(s¯
∗w¯0 + s¯
∗
× w¯+ s¯0w¯) + kegks(S¯
∗
× W¯+ S¯
∗
0 ◦ W¯+ S¯
∗
◦ W¯0)
+ kl (¯l
∗
w¯0 + l¯
∗
× w¯+ l¯0w¯) + kegkl(L¯
∗
× W¯ + L¯
∗
0 ◦ W¯+ L¯
∗
◦ W¯0) , (89)
where the force density f¯ includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz
force, and the interacting force between the dipole moment with the two fields etc. The above force is much longer
than that in the classical field theory, and includes more new force terms related to the gradient of energy, the field
potential, and the angular velocity etc.
C. Helicity
In the compounding space with the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯), some helicities [28] and
the speed of light will impact the mass continuity equation and the charge continuity equation etc.
1. Field strength helicity
The octonion linear momentum density P¯ = µS¯/µg is defined from octonion the field source S¯ in the compounding
field with the operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯),
P¯ = m̂v¯0 +Σ(mv¯jij) + Σ(MV¯iIi) , (90)
where m̂ = m(v¯δ0/v¯0) +△m, △m = −(kxX¯
∗ · B¯+ kaA¯
∗ · B¯+ kbB¯
∗ · B¯)/(v¯0µg).
According to the octonion features, the gravitational mass m̂ is one reserved scalar in the above, and is changed
with the field strength B¯g and B¯e, the field potential A¯g and A¯e, the helicity (kxX¯
∗ · B¯ + kaA¯
∗ · B¯ + kbB¯
∗ · B¯), the
enstrophy u∗ · u/8, and the octonion X¯g and X¯e etc in the octonion compounding space. The helicity covers the
magnetic helicity A¯ · B¯, the kinetic helicity v¯ · u¯, the cross helicity V¯ · B¯, and one new helicity term A¯ · U¯ etc.
However the octonion angular momentum L¯ does not influence the field strength helicity in the compounding space
with the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯). Consequently we can not distinguish this field from
some fields with other octonion operators, according to the viewpoint of the field strength helicity.
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TABLE XI: Some quantities with the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯).
definitions meanings
X¯ field quantity
A¯ = (♦+ kxX¯) ◦ X¯ field potential
B¯ = (♦+ kxX¯+ kaA¯) ◦ A¯ field strength
R¯ radius vector
V¯ = v0♦ ◦ R¯ velocity
U¯ = ♦ ◦ V¯ velocity curl
µS¯ = −(♦+ kxX¯+ kaA¯+ kbB¯)
∗
◦ B¯ field source
H¯b = (kxX¯+ kaA¯+ kbB¯)
∗
· B¯ field strength helicity
P¯ = µS¯/µg linear momentum density
R¯ = R+ krxX compounding radius vector
L¯ = R¯ ◦ P¯ angular momentum density
W¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯) ◦ L¯ torque-energy densities
N¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯)
∗
◦ W¯ force-power density
F¯ = −N¯/(2v0) force density
H¯s = (kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯)
∗
· P¯ field source helicity
2. Field source helicity
The part force density F¯ is one part of the octonion force-power density N¯, and is defined from the octonion linear
momentum density P¯ ,
F¯ = v0(♦ + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯)
∗
◦ P¯ , (91)
where the part force density includes that of the inertial force, gravitational force, Lorentz force, and the interacting
force between the fields with the dipoles etc.
The scalar f¯0 of the octonion F¯ is written as,
f¯0/v0 = ∂0p¯0 +∇
∗
· p¯+ kb(h¯
∗
· p¯+ kegH¯
∗
· P¯)
+ ka(a¯
∗
· p¯+ a¯0p¯0) + kegka(A¯
∗
· P¯+ A¯
∗
0 ◦ P¯0)
+ kx(x¯
∗
· p¯+ x¯0p¯0) + kegkx(X¯
∗
· P¯+ X¯
∗
0 ◦ P¯0)
+ ks(s¯
∗
· p¯+ s¯0p¯0) + kegks(S¯
∗
· P¯+ S¯
∗
0 ◦ P¯0)
+ kl(¯l
∗
· p¯+ l¯0p¯0) + kegkl(L¯
∗
· P¯+ L¯
∗
0 ◦ P¯0) , (92)
where the field source helicity in the two fields with the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯) covers
the terms (a¯∗ · p¯+ a¯0p¯0), (A¯
∗
· P¯+ A¯
∗
0 ◦ P¯0), (h¯
∗
· p¯+ kegH¯
∗
· P¯), (x¯∗ · p¯+ x¯0p¯0), (X¯
∗
· P¯+ X¯
∗
0 ◦ P¯0), (s¯
∗ · p¯+ s¯0p¯0),
(S¯
∗
· P¯+ S¯
∗
0 ◦ P¯0), (¯l
∗
· p¯+ l¯0p¯0), and (L¯
∗
· P¯+ L¯
∗
0 ◦ P¯0) etc. And that they include the magnetic helicity A ·B, the
kinetic helicity v · u, the cross helicity V ·B, the current helicity B∗ ·P, and some other new helicity terms etc.
The above is the mass continuity equation in the electromagnetic field and the gravitational field with the octonion
operator (♦ + kxX¯+ kaA¯+ kbB¯ + ksS¯ + klL¯), and is effected by the speed of light v¯0 and some helicity terms of the
rotational objects as well as of the spinning charged objects. The impact of the field source helicity about the L¯ may
be detected sometimes.
A new physical quantity F¯q can be defined from the part force density F¯,
F¯q = F¯ ◦ I
∗
0 . (93)
The scalar part F¯0 of the F¯q is written as,
F¯0/v0 = (∂0P¯0 +∇
∗
· P¯) ◦ I∗0 + kb(h¯
∗
· P¯+ kegH¯
∗
· p¯) ◦ I∗0
+ ka(a¯
∗
· P¯+ a0P¯0) ◦ I
∗
0 + kegka(A¯
∗
· p¯+ p0A¯
∗
0) ◦ I
∗
0
+ kx(x¯
∗
· P¯+ x0P¯0) ◦ I
∗
0 + kegkx(X¯
∗
· p¯+ p0X¯
∗
0) ◦ I
∗
0
+ ks(s¯
∗
· P¯+ s0P¯0) ◦ I
∗
0 + kegks(S¯
∗
· p¯+ p0S¯
∗
0) ◦ I
∗
0
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+ kl (¯l
∗
· P¯+ l0P¯0) ◦ I
∗
0 + kegkl(L¯
∗
· p¯+ p0L¯
∗
0) ◦ I
∗
0 , (94)
where the last nine terms are the helicity in the gravitational field and electromagnetic field.
The above is the charge continuity equation in the case for coexistence of the gravitational field and electromagnetic
field with the octonion operator (♦+kxX¯+kaA¯+kbB¯+ksS¯+klL¯) when the scalar F0 = 0. And this charge continuity
equation is the invariant under the octonion coordinate transformation. It states that the X¯, A¯, B¯, S¯, and L¯ of the
gravitational field and electromagnetic field have the influence on the charge continuity equation, although the terms
(a¯∗ · P¯ + a0P¯0) ◦ I
∗
0, (A¯
∗
· p¯ + p0A¯
∗
0) ◦ I
∗
0, (h¯
∗
· P¯ + kegH¯
∗
· p¯) ◦ I∗0, (x¯
∗ · P¯ + x0P¯0) ◦ I
∗
0, (X¯
∗
· p¯ + p0X¯
∗
0) ◦ I
∗
0,
(s¯∗ · P¯+ s0P¯0) ◦ I
∗
0, (S¯
∗
· p¯+ p0S¯
∗
0) ◦ I
∗
0, (¯l
∗
· P¯+ l0P¯0) ◦ I
∗
0, (L¯
∗
· p¯+ p0L¯
∗
0) ◦ I
∗
0, and △m are usually petty when the
electromagnetic field and the gravitational field are ignorable.
X. THE FIELDS REGARDING THE OPERATOR (♦, X¯, A¯, B¯, S¯, L¯, W¯)
In the electromagnetic and gravitational fields, the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯) concludes
the physical properties of two fields, including the linear momentum, the angular momentum, the energy, the torque,
the power, the force, and some helicities of the rotational objects and of the spinning charged objects. Further those
inferences lead us to suppose that the angular momentum W¯ may have an influence on the helicities. In this section,
one new operator (♦+kxX¯+kaA¯+kbB¯+ksS¯+klL¯+kwW¯) will substitute the operator (♦+kxX¯+kaA¯+kbB¯+ksS¯+klL¯)
to include more properties of the electromagnetic and gravitational fields simultaneously, herein the kw = 2pi/(v0h)
is the coefficient, with the h being the Planck constant by comparing with the quantum mechanics.
By means of the new octonion operator (♦ + kxX¯ + kaA¯ + kbB¯ + ksS¯ + klL¯ + kwW¯) in the electromagnetic field
and the gravitational field, we can represent the octonion field potential, the octonion field strength, the field source,
the linear momentum, the angular momentum, the energy, the torque, the force, and some helicities, including the
influence of the W on the torque, the force, and the helicity etc.
A. Field source and torque
In the electromagnetic and gravitational fields with the octonion operator (♦+kxX¯+kaA¯+kbB¯+ksS¯+klL¯+kwW¯),
the majority physical quantities will remain the same, except for the gravitational mass density, the mass continuity
equation, the charge continuity equation, and the helicity terms etc. Some octonion physical quantities in the octonion
compounding space with the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯) are the same as that in the
space with the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯) respectively, including the octonion basis vector,
the octonion radius vector, the octonion velocity, the octonion vorticity, the octonion field potential, the compounding
gravitational potential, the compounding electromagnetic potential, the gravitational strength, the electromagnetic
strength, the octonion field strength, the octonion field source, the octonion linear momentum, the octonion angular
momentum, the gauge equations, and the field strength helicity etc.
B. Force
In the compounding space with the octonion operator (♦ + kxX¯ + kaA¯ + kbB¯ + ksS¯ + klL¯ + kwW¯), the octonion
force-power density, N¯ = Σ(n¯iii) + Σ(N¯iIi), is defined as follows,
N¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
∗
◦ W¯ , (95)
where the power density is f¯0 = −n¯0/(2v0), and the force density is f¯ = −n¯/(2v0). The vectorial parts are n¯ = Σ(n¯jij),
N¯0 = N¯0I0, and N¯ = Σ(N¯jIj).
Further expressing the scalar n¯0 of the octonion N¯ as
n¯0/v0 = ∂0w¯0 +∇
∗
· w¯+ kb(h¯
∗
· w¯+ kegH¯
∗
· W¯)
+ ka(a¯
∗
· w¯+ a¯0w¯0) + kegka(A¯
∗
· W¯+ A¯
∗
0 ◦ W¯0)
+ kx(x¯
∗
· w¯+ x¯0w¯0) + kegkx(X¯
∗
· W¯+ X¯
∗
0 ◦ W¯0)
+ ks(s¯
∗
· w¯+ s¯0w¯0) + kegks(S¯
∗
· W¯+ S¯
∗
0 ◦ W¯0)
+ kl(¯l
∗
· w¯+ l¯0w¯0) + kegkl(L¯
∗
· W¯+ L¯
∗
0 ◦ W¯0)
+ kw(w¯
∗
· w¯+ w¯20) + kegkw(W¯
∗
· W¯+ W¯
∗
0 ◦ W¯0) . (96)
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In the gravitational and electromagnetic fields with the octonion operator (♦+kxX¯+kaA¯+kbB¯+ksS¯+klL¯+kwW¯),
the force density f¯ can be defined from the vectorial part n¯ of the octonion N¯ ,
−2f¯ = ∂0w¯+∇
∗w¯0 +∇
∗
× w¯+ kbw¯0h¯
∗
+ kbh¯
∗
× w¯+ kegkb(H¯
∗
× W¯+ H¯
∗
◦ W¯0)
+ ka(a¯
∗w¯0 + a¯
∗
× w¯+ a¯0w¯) + kegka(A¯
∗
× W¯ + A¯
∗
0 ◦ W¯ + A¯
∗
◦ W¯0)
+ kx(x¯
∗w¯0 + x¯
∗
× w¯+ x¯0w¯) + kegkx(X¯
∗
× W¯+ X¯
∗
0 ◦ W¯+ X¯
∗
◦ W¯0)
+ ks(s¯
∗w¯0 + s¯
∗
× w¯+ s¯0w¯) + kegks(S¯
∗
× W¯+ S¯
∗
0 ◦ W¯+ S¯
∗
◦ W¯0)
+ kl (¯l
∗
w¯0 + l¯
∗
× w¯+ l¯0w¯) + kegkl(L¯
∗
× W¯ + L¯
∗
0 ◦ W¯+ L¯
∗
◦ W¯0) , (97)
where the force density f¯ includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz
force, and the interacting force between the dipole moment with the two fields etc. The above force definition is much
longer than that in the classical field theory, and includes more new force terms related to the gradient of energy, the
field potential, and the angular velocity etc.
C. Helicity
As the derivation of the compounding space with the operator (♦ + kxX¯ + kaA¯ + kbB¯ + ksS¯ + klL¯ + kwW¯), some
helicity terms [29, 30] will impact the mass continuity equation and the charge continuity equation etc.
1. Field strength helicity
The octonion linear momentum density, P¯ = µS¯/µg, can be defined from the octonion field source S¯ in the octonion
compounding space with the operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯),
P¯ = m̂v¯0 +Σ(mv¯jij) + Σ(MV¯iIi) , (98)
where m̂ = m(v¯δ0/v¯0) +△m, △m = −(kxX¯
∗ · B¯+ kaA¯
∗ · B¯+ kbB¯
∗ · B¯)/(v¯0µg) .
According to the octonion features, the gravitational mass m̂ is one reserved scalar, and is changed with the field
strength B¯g and B¯e, the field potential A¯g and A¯e, the helicity (kxX¯
∗ · B¯+ kaA¯
∗ · B¯+ kbB¯
∗ · B¯), and the octonion X¯g
and X¯e etc in the octonion compounding space. The helicity includes the magnetic helicity A¯ · B¯, the kinetic helicity
v¯ · u¯, the cross helicity V¯ · B¯, and one new helicity term A¯ · U¯ etc.
Similarly to the S¯ and the L¯, the octonion angular momentum W¯ does not exert an influence on the field strength
helicity in the octonion compounding space with the operator (♦+kxX¯+kaA¯+kbB¯+ksS¯+klL¯+kwW¯). Consequently
we can not distinguish this field from some fields with other octonion operators, according to the viewpoint of the
field strength helicity.
2. Field source helicity
The part force density F¯ is one part of the octonion force-power density N¯, and is defined from the octonion linear
momentum density P¯ ,
F¯ = v0(♦ + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
∗
◦ P¯ , (99)
where the part force density F¯ includes the density of the inertial force, the gravitational force, Lorentz force, and the
interacting force between the two fields with the dipoles etc.
The scalar f¯0 of the part force density F¯ is written as,
f¯0/v0 = ∂0p¯0 +∇
∗
· p¯+ kb(h¯
∗
· p¯+ kegH¯
∗
· P¯)
+ ka(a¯
∗
· p¯+ a¯0p¯0) + kegka(A¯
∗
· P¯+ A¯
∗
0 ◦ P¯0)
+ kx(x¯
∗
· p¯+ x¯0p¯0) + kegkx(X¯
∗
· P¯+ X¯
∗
0 ◦ P¯0)
+ ks(s¯
∗
· p¯+ s¯0p¯0) + kegks(S¯
∗
· P¯+ S¯
∗
0 ◦ P¯0)
+ kl(¯l
∗
· p¯+ l¯0p¯0) + kegkl(L¯
∗
· P¯+ L¯
∗
0 ◦ P¯0)
+ kw(w¯
∗
· p¯+ w¯0p¯0) + kegkw(W¯
∗
· P¯+ W¯
∗
0 ◦ P¯0) , (100)
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where the field source helicity in the two fields with the operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯) includes
the helicity terms (a¯∗ · p¯ + a¯0p¯0), (A¯
∗
· P¯ + A¯
∗
0 ◦ P¯0), (h¯
∗
· p¯ + kegH¯
∗
· P¯), (x¯∗ · p¯ + x¯0p¯0), (X¯
∗
· P¯ + X¯
∗
0 ◦ P¯0),
(s¯∗ · p¯+ s¯0p¯0), (S¯
∗
· P¯+ S¯
∗
0 ◦ P¯0), (¯l
∗
· p¯+ l¯0p¯0), (L¯
∗
· P¯+ L¯
∗
0 ◦ P¯0), (w¯
∗ · p¯+ w¯0p¯0), and (W¯
∗
· P¯+W¯
∗
0 ◦ P¯0) etc. And
that they include the magnetic helicity A ·B, the kinetic helicity v · u, the cross helicity V ·B, the current helicity
B∗ ·P, and some other new helicity terms in the octonion space.
The above is the mass continuity equation in the electromagnetic field and the gravitational field with the octonion
operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯), and is effected by the speed of light v¯0 and some helicity terms of
the rotational objects and of the spinning charged objects. The impact of the field source helicity about the octonion
torque-energy W¯ may be detected sometimes.
A new physical quantity F¯q can be defined from the part force density F¯,
F¯q = F¯ ◦ I
∗
0 . (101)
The scalar part F¯0 of the F¯q is written as,
F¯0/v0 = (∂0P¯0 +∇
∗
· P¯) ◦ I∗0 + kb(h¯
∗
· P¯+ kegH¯
∗
· p¯) ◦ I∗0
+ ka(a¯
∗
· P¯+ a0P¯0) ◦ I
∗
0 + kegka(A¯
∗
· p¯+ p0A¯
∗
0) ◦ I
∗
0
+ kx(x¯
∗
· P¯+ x0P¯0) ◦ I
∗
0 + kegkx(X¯
∗
· p¯+ p0X¯
∗
0) ◦ I
∗
0
+ ks(s¯
∗
· P¯+ s0P¯0) ◦ I
∗
0 + kegks(S¯
∗
· p¯+ p0S¯
∗
0) ◦ I
∗
0
+ kl (¯l
∗
· P¯+ l0P¯0) ◦ I
∗
0 + kegkl(L¯
∗
· p¯+ p0L¯
∗
0) ◦ I
∗
0
+ kw(w¯
∗
· P¯+ w0P¯0) ◦ I
∗
0 + kegkw(W¯
∗
· p¯+ p0W¯
∗
0) ◦ I
∗
0 , (102)
where the last two terms are the new kinds of helicity terms in the gravitational field and electromagnetic field.
The above is the charge continuity equation in the presence of the gravitational field and electromagnetic field with
the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯) when the scalar F0 = 0. And this charge continuity
equation is the invariant under the octonion coordinate transformation. It states that the X¯, A¯, B¯, S¯, L¯, and W¯ of
the gravitational field and the electromagnetic field have the influence on the charge continuity equation, although
the terms (a¯∗ · P¯+ a0P¯0) ◦ I
∗
0, (A¯
∗
· p¯+ p0A¯
∗
0) ◦ I
∗
0, (h¯
∗
· P¯+ kegH¯
∗
· p¯) ◦ I∗0, (x¯
∗ · P¯+ x0P¯0) ◦ I
∗
0, (X¯
∗
· p¯+ p0X¯
∗
0) ◦ I
∗
0,
(s¯∗ ·P¯+s0P¯0)◦I
∗
0, (S¯
∗
· p¯+p0S¯
∗
0)◦I
∗
0, (¯l
∗
·P¯+ l0P¯0)◦I
∗
0, (L¯
∗
· p¯+p0L¯
∗
0)◦I
∗
0, (w¯
∗ ·P¯+w0P¯0)◦I
∗
0, (W¯
∗
· p¯+p0W¯
∗
0)◦I
∗
0,
and △m are usually paltry when the electromagnetic field and the gravitational field are slender.
TABLE XII: Some quantities with the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯).
definitions meanings
X¯ field quantity
A¯ = (♦+ kxX¯) ◦ X¯ field potential
B¯ = (♦+ kxX¯+ kaA¯) ◦ A¯ field strength
R¯ radius vector
V¯ = v0♦ ◦ R¯ velocity
U¯ = ♦ ◦ V¯ velocity curl
µS¯ = −(♦+ kxX¯+ kaA¯+ kbB¯)
∗
◦ B¯ field source
H¯b = (kxX¯+ kaA¯+ kbB¯)
∗
· B¯ field strength helicity
P¯ = µS¯/µg linear momentum density
R¯ = R+ krxX compounding radius vector
L¯ = R¯ ◦ P¯ angular momentum density
W¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯) ◦ L¯ torque-energy densities
N¯ = v0(♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
∗
◦ W¯ force-power density
F¯ = −N¯/(2v0) force density
H¯s = (kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
∗
· P¯ field source helicity
XI. THE FIELDS REGARDING THE OCTONION OPERATOR ♦8
In the electromagnetic and gravitational fields, the octonion operator (♦8 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
can derive the octonion physical properties of the two fields, including the octonion linear momentum, the octonion
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angular momentum, the energy, the torque, the power, the force, and some helicity terms of the rotational objects and
the spinning charged objects. However these inferences can not involve the adjoint fields and their related helicities
of the electromagnetic field and the gravitational field etc. In this section, the octonion operator will substitute the
♦8 = ♦g + de♦e for the ♦g, to include more properties of the electromagnetic and gravitational fields simultaneously.
Herein ♦g = Σ(ii∂gi), ♦e = Σ(Ii∂ei); ∂gi = ∂/∂ri, ∂ei = ∂/∂Ri. de is the coefficient.
With the octonion operator ♦8 in the electromagnetic and gravitational fields, we can represent the field potential,
the field strength, the field source, the linear momentum, the angular momentum, the energy, the torque, the force,
and some helicity terms, including the influence of the adjoint fields on the torque, the force, and the helicity etc.
A. Field source and torque
In the electromagnetic field and the gravitational field with the operator (♦8+kxX¯+kaA¯+kbB¯+ksS¯+klL¯+kwW¯),
the most of physical quantities will keep unchanged, except for the gravitational mass density and the helicity etc. In
the compounding space with the octonion operator (♦8 + kxX¯+ kaA¯+ kbB¯ + ksS¯+ klL¯ + kwW¯), the octonion basis
vector is E = (1, i1, i2, i3, I0, I1, I2, I3), the octonion radius vector is R¯ = Σ(iir¯i + kegIiR¯i), and the octonion velocity
is V¯ = Σ(iiv¯i+kegIiV¯i). The octonion field potential is A¯ = (♦8+kxX¯)◦ X¯ = A¯g+kegA¯e. The octonion compounding
gravitational potential is
A¯g = (♦g ◦ X¯g + dekeg♦e ◦ X¯e) + kx(X¯g ◦ X¯g + k
2
egX¯e ◦ X¯e) , (103)
and the compounding electromagnetic potential is
A¯e = (♦g ◦ X¯e + dek
−1
eg ♦e ◦ X¯g) + kx(X¯e ◦ X¯g + X¯g ◦ X¯e) , (104)
where X¯g = Σ(x¯iii), and X¯e = Σ(X¯iIi).
The octonion field strength is defined as B¯ = (♦8 + kxX¯+ kaA¯) ◦ A¯ = B¯g + kegB¯e . And the octonion compounding
gravitational strength is
B¯g = (♦g ◦ A¯g + dekeg♦e ◦ A¯e) + kx(X¯g ◦ A¯g + k
2
egX¯e ◦ A¯e) + ka(A¯g ◦ A¯g + k
2
egA¯e ◦ A¯e) , (105)
while the compounding electromagnetic strength is
B¯e = (♦g ◦ A¯e + dek
−1
eg ♦e ◦ A¯g) + kx(X¯e ◦ A¯g + X¯g ◦ A¯e) + ka(A¯e ◦ A¯g + A¯g ◦ A¯e) , (106)
where the gauge equations are h¯0 = 0 and H¯0 = 0. B¯g = Σ(h¯iii), and B¯e = Σ(H¯iIi).
In the octonion compounding space, the linear momentum density S¯gg is the source of the gravitational field, and
the S¯ge is the source of the gravitational adjoint field,
− µggS¯gg = ♦
∗
g ◦ B¯g , − µgeS¯ge = ♦
∗
e ◦ B¯g , (107)
meanwhile the electric current density S¯ge is the source of the electromagnetic field, and the S¯ee is the source of the
electromagnetic adjoint field,
− µegS¯eg = ♦
∗
g ◦ B¯e , − µeeS¯ee = ♦
∗
e ◦ B¯e . (108)
The S¯eg possesses the properties of the electromagnetic field, and the S¯ee seizes on the features of the gravitational
field. It means that the latter can be considered as the candidate of the dark matters.
And then the octonion field source S¯ can be defined from the above
µS¯ = − (♦8 + kxX¯+ kaA¯+ kbB¯)
∗
◦ B¯
= µggS¯gg + kegµgeS¯ge + de(µegS¯eg + kegµeeS¯ee)− kxX¯
∗
◦ B¯− kaA¯
∗
◦ B¯− kbB¯
∗
◦ B¯ , (109)
where (kxX¯
∗ · B¯+ kaA¯
∗ · B¯+ kbB¯
∗ · B¯) is the field strength helicity. µ, µgg, µge, µeg, and µee are the coefficients. The
µgg and µeg are the gravitational and electromagnetic constants respectively. X¯
∗ · B¯ is the scalar part of X¯∗ ◦ B¯.
The octonion linear momentum density is P¯ = µS¯/µgg = Σ(p¯iii + P¯iIi), while the octonion angular momentum
density is L¯ = R¯ ◦ P¯ = Σ(l¯iii + L¯iIi). The octonion torque-energy density W¯ is defined from the octonion angular
momentum density L¯, the field strength B¯, and the field source S¯ etc,
W¯ = v0(♦8 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯) ◦ L¯ , (110)
where S¯ = Σ(s¯iii) + kegΣ(S¯iIi); −w¯0/2 is the energy density, w¯/2 = Σ(w¯jij)/2 is the torque density.
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The scalar w¯0 of the octonion torque-energy density W¯ = Σ(w¯iii) + Σ(W¯iIi) is written as,
w¯0/v0 = ∂g0 l¯0 +∇g · l¯+ I0 ◦ ∂e0L¯0 +∇e · L¯+ kb(h¯ · l¯+ kegH¯ · L¯)
+ kaa¯ · l¯+ kaa¯0 l¯0 + kegka(A¯ · L¯+ A¯0 ◦ L¯0)
+ kxx¯ · l¯+ kxx¯0 l¯0 + kegkx(X¯ · L¯+ X¯0 ◦ L¯0)
+ kss¯ · l¯+ kss¯0 l¯0 + kegks(S¯ · L¯+ S¯0 ◦ L¯0)
+ kl l¯ · l¯+ kl l¯
2
0 + kegkl(L¯ · L¯+ L¯0 ◦ L¯0) , (111)
where −w¯0/2 includes the kinetic energy, the gravitational potential energy, the electric potential energy, the magnetic
potential energy, the field energy, the work, the interacting energy between the dipole moment with the two fields,
and some new energy terms. ∇g = Σ(ij∂gj), ∇e = Σ(Ij∂ej).
In a similar way, expressing the torque density w¯ of the octonion torque-energy density W¯ as
w¯/v0 = ∂g0 l¯+∇g l¯0 +∇g × l¯+ I0 ◦ ∂e0L¯+∇e ◦ L¯0 +∇e × L¯
+ kb l¯0h¯+ kbh¯× l¯+ kegkb(H¯× L¯+ H¯ ◦ L¯0)
+ kaa¯l¯0 + kaa¯× l¯+ kaa¯0l¯+ kegka(A¯× L¯+ A¯0 ◦ L¯+ A¯ ◦ L¯0)
+ kxx¯l¯0 + kxx¯× l¯+ kxx¯0 l¯+ kegkx(X¯× L¯+ X¯0 ◦ L¯+ X¯ ◦ L¯0)
+ kss¯l¯0 + kss¯× l¯+ kss¯0l¯+ kegks(S¯× L¯+ S¯0 ◦ L¯+ S¯ ◦ L¯0) + 2kl l¯0l¯ , (112)
where the above includes some new terms of the torque density.
B. Force
In the octonion compounding space with the operator (♦8 + kxX¯ + kaA¯ + kbB¯ + ksS¯ + klL¯ + kwW¯), the octonion
force-power density, N¯ = Σ(n¯iii) + Σ(N¯iIi), is defined as follows,
N¯ = v0(♦8 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
∗
◦ W¯ , (113)
where the power density is f¯0 = −n¯0/(2v0), and the force density is f¯ = −n¯/(2v0). The vectorial parts are n¯ = Σ(n¯jij),
N¯0 = N¯0I0, and N¯ = Σ(N¯jIj).
Further expressing the scalar n¯0 of the octonion force-power density N¯ as
n¯0/v0 = ∂g0w¯0 +∇
∗
g · w¯+ I
∗
0 ◦ ∂e0W¯0 +∇
∗
e · W¯ + kb(h¯
∗
· w¯+ kegH¯
∗
· W¯)
+ ka(a¯
∗
· w¯+ a¯0w¯0) + kegka(A¯
∗
· W¯+ A¯
∗
0 ◦ W¯0)
+ kx(x¯
∗
· w¯+ x¯0w¯0) + kegkx(X¯
∗
· W¯+ X¯
∗
0 ◦ W¯0)
+ ks(s¯
∗
· w¯+ s¯0w¯0) + kegks(S¯
∗
· W¯+ S¯
∗
0 ◦ W¯0)
+ kl(¯l
∗
· w¯+ l¯0w¯0) + kegkl(L¯
∗
· W¯+ L¯
∗
0 ◦ W¯0)
+ kw(w¯
∗
· w¯+ w¯20) + kegkw(W¯
∗
· W¯+ W¯
∗
0 ◦ W¯0) . (114)
In the gravitational and electromagnetic fields with the operator (♦8 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯), the
force density f¯ can be defined from the vectorial part n¯ of the octonion force-power density N¯ ,
−2f¯ = ∂g0w¯+∇
∗
gw¯0 +∇
∗
g × w¯+ I
∗
0 ◦ ∂e0W¯+∇
∗
e ◦ W¯0 +∇
∗
e × W¯
+ kbw¯0h¯
∗
+ kbh¯
∗
× w¯+ kegkb(H¯
∗
× W¯+ H¯
∗
◦ W¯0)
+ ka(a¯
∗w¯0 + a¯
∗
× w¯+ a¯0w¯) + kegka(A¯
∗
× W¯ + A¯
∗
0 ◦ W¯ + A¯
∗
◦ W¯0)
+ kx(x¯
∗w¯0 + x¯
∗
× w¯+ x¯0w¯) + kegkx(X¯
∗
× W¯+ X¯
∗
0 ◦ W¯+ X¯
∗
◦ W¯0)
+ ks(s¯
∗w¯0 + s¯
∗
× w¯+ s¯0w¯) + kegks(S¯
∗
× W¯+ S¯
∗
0 ◦ W¯+ S¯
∗
◦ W¯0)
+ kl (¯l
∗
w¯0 + l¯
∗
× w¯+ l¯0w¯) + kegkl(L¯
∗
× W¯ + L¯
∗
0 ◦ W¯+ L¯
∗
◦ W¯0) , (115)
where the force density f¯ includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz
force, and the interacting force between the dipole moment with the two fields, and the forces regarding their adjoint
fields etc. The above force is more complex than that in the classical field theory, and includes more new force terms
related to the gradient of energy, the field potential, and the angular velocity etc.
29
TABLE XIII: The field sources of the electromagnetic and gravitational fields and their adjoint fields.
sources fields descriptions characterictics
S¯gg gravitational field linear momentum gravitation
S¯ge gravitational adjoint field adjoint linear momentum electromagnetism
S¯eg electromagnetic field electric current electromagnetism
S¯ee electromagnetic adjoint field adjoint electric current gravitation
C. Helicity
In the octonion compounding space with the octonion operator (♦8 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯), some
helicities [31, 32] and the speed of light will exert an influence on the mass continuity equation, the charge continuity
equation, and the gravitational mass density etc.
1. Field strength helicity
The octonion linear momentum density, P¯ = µS¯/µgg, can be defined from the octonion field source S¯ in the octonion
compounding space with the operator (♦8 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯),
P¯ = m̂v¯0 +Σ(mv¯jij) + Σ(MV¯iIi) , (116)
where p¯0 = m̂v¯0, m̂ = m(v¯
δ
0/v¯0) +△m, △m = −(kxX¯
∗ · B¯+ kaA¯
∗ · B¯+ kbB¯
∗ · B¯)/(v¯0µgg) . v¯
δ
0 = v0♦8 · R¯. And ♦8 · R¯
is the scalar part of the ♦8 ◦ R¯.
According to the octonion properties and the above, the gravitational mass m̂ is one reserved scalar in the above, and
is changed with the field strength B¯g and B¯e, the field potential A¯g and A¯e, the helicity (kxX¯
∗ · B¯+kaA¯
∗ · B¯+kbB¯
∗ · B¯),
and the octonion X¯g and X¯e etc in the octonion compounding space. The helicity includes the magnetic helicity A¯ ·B¯,
the kinetic helicity v¯ · u¯, the cross helicity V¯ · B¯, and one new helicity term A¯ · U¯ etc.
Similarly to the S¯ and the L¯, the octonion angular momentum W¯ does not exert an influence on the field strength
helicity in the octonion compounding space with the octonion operator (♦8 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯).
Consequently we can not distinguish this field from some fields with other octonion operators, according to the
viewpoint of the field strength helicity also.
2. Field source helicity
The part force density F¯ is one part of the octonion force-power density N¯, and is defined from the octonion linear
momentum density P¯ ,
F¯ = v0(♦8 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
∗
◦ P¯ , (117)
where the part force density includes that of the inertial force, gravitational force, Lorentz force, and the interacting
force between the fields with the dipoles etc.
The scalar f¯0 of the part force density F¯ is written as,
f¯0/v0 = ∂g0p¯0 +∇
∗
g · p¯+ I
∗
0 ◦ ∂e0P¯0 +∇
∗
e · P¯+ kb(h¯
∗
· p¯+ kegH¯
∗
· P¯)
+ ka(a¯
∗
· p¯+ a¯0p¯0) + kegka(A¯
∗
· P¯+ A¯
∗
0 ◦ P¯0)
+ kx(x¯
∗
· p¯+ x¯0p¯0) + kegkx(X¯
∗
· P¯+ X¯
∗
0 ◦ P¯0)
+ ks(s¯
∗
· p¯+ s¯0p¯0) + kegks(S¯
∗
· P¯+ S¯
∗
0 ◦ P¯0)
+ kl(¯l
∗
· p¯+ l¯0p¯0) + kegkl(L¯
∗
· P¯+ L¯
∗
0 ◦ P¯0)
+ kw(w¯
∗
· p¯+ w¯0p¯0) + kegkw(W¯
∗
· P¯+ W¯
∗
0 ◦ P¯0) , (118)
where the field source helicity in the fields with the (♦8 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯) covers (a¯
∗ · p¯+ a¯0p¯0),
(A¯
∗
· P¯ + A¯
∗
0 ◦ P¯0), (h¯
∗
· p¯ + kegH¯
∗
· P¯), (x¯∗ · p¯ + x¯0p¯0), (X¯
∗
· P¯ + X¯
∗
0 ◦ P¯0), (s¯
∗ · p¯ + s¯0p¯0), (S¯
∗
· P¯ + S¯
∗
0 ◦ P¯0),
(¯l
∗
· p¯+ l¯0p¯0), (L¯
∗
· P¯+ L¯
∗
0 ◦ P¯0), (w¯
∗ · p¯+ w¯0p¯0), and (W¯
∗
· P¯+W¯
∗
0 ◦ P¯0) etc. And they include the magnetic helicity
A ·B, the kinetic helicity v · u, the cross helicity V ·B, the current helicity B∗ ·P, and other helicity terms etc.
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The above is the mass continuity equation in the electromagnetic and gravitational fields with the octonion operator
(♦8 + kxX¯+ kaA¯ + kbB¯ + ksS¯ + klL¯ + kwW¯), and is effected by the speed of light v¯0 and some helicity terms of the
rotational objects and of the spinning charged objects.
A new physical quantity F¯q can be defined from the part force density F¯,
F¯q = F¯ ◦ I
∗
0 . (119)
The scalar part F¯0 of the F¯q is written as,
F¯0/v0 = (∂g0P¯0 +∇
∗
g · P¯) ◦ I
∗
0 + (∂e0p¯0 +∇
∗
e · p¯) ◦ I
∗
0 + kb(h¯
∗
· P¯+ kegH¯
∗
· p¯) ◦ I∗0
+ ka(a¯
∗
· P¯+ a0P¯0) ◦ I
∗
0 + kegka(A¯
∗
· p¯+ p0A¯
∗
0) ◦ I
∗
0
+ kx(x¯
∗
· P¯+ x0P¯0) ◦ I
∗
0 + kegkx(X¯
∗
· p¯+ p0X¯
∗
0) ◦ I
∗
0
+ ks(s¯
∗
· P¯+ s0P¯0) ◦ I
∗
0 + kegks(S¯
∗
· p¯+ p0S¯
∗
0) ◦ I
∗
0
+ kl (¯l
∗
· P¯+ l0P¯0) ◦ I
∗
0 + kegkl(L¯
∗
· p¯+ p0L¯
∗
0) ◦ I
∗
0
+ kw(w¯
∗
· P¯+ w0P¯0) ◦ I
∗
0 + kegkw(W¯
∗
· p¯+ p0W¯
∗
0) ◦ I
∗
0 , (120)
where the above helicity terms cover that in the gravitational and electromagnetic fields with their adjoint fields.
The above is the charge continuity equation in the presence of the gravitational field and the electromagnetic field
with the octonion operator (♦8 + kxX¯ + kaA¯ + kbB¯ + ksS¯ + klL¯ + kwW¯) when the scalar part F0 = 0. Similarly to
the case with the octonion operator (♦+ kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯), the charge continuity equation is the
invariant under the octonion coordinate transformation, meanwhile the X¯, A¯, B¯, S¯, L¯, and W¯ of the gravitational field
and the electromagnetic field have the influence on the charge continuity equation, although the impacts are usually
paltry when the electromagnetic field and the gravitational field are weak.
TABLE XIV: Some physical quantities of the electromagnetic and gravitational fields with their adjoint fields.
definitions meanings
X¯ field quantity
A¯ = (♦8 + kxX¯) ◦ X¯ field potential
B¯ = (♦8 + kxX¯+ kaA¯) ◦ A¯ field strength
R¯ radius vector
V¯ = v0♦8 ◦ R¯ velocity
U¯ = ♦8 ◦ V¯ velocity curl
µS¯ = −(♦8 + kxX¯+ kaA¯+ kbB¯)
∗
◦ B¯ field source
H¯b = (kxX¯+ kaA¯+ kbB¯)
∗
· B¯ field strength helicity
P¯ = µS¯/µgg linear momentum density
R¯ = R+ krxX compounding radius vector
L¯ = R¯ ◦ P¯ angular momentum density
W¯ = v0(♦8 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯) ◦ L¯ torque-energy densities
N¯ = v0(♦8 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
∗
◦ W¯ force-power density
F¯ = −N¯/(2v0) force density
H¯s = (kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯)
∗
· P¯ field source helicity
XII. THE FIELDS REGARDING THE SEDENION OPERATOR ♦16
In the electromagnetic and gravitational fields, the octonion operator (♦8 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
can deduce the octonion physical properties of two fields with their related adjoint fields, including the octonion linear
momentum, the octonion angular momentum, the energy, the octonion torque, the power, the octonion force, and
some helicities of the rotational objects and the spinning charged objects. However these results can not involve the
helicities of the strong nuclear field, the weak nuclear field, and their related adjoint fields etc. In this section, the
operator will substitute the sedenion operator ♦16 for the octonion operator ♦8 to cover the physical properties of the
electromagnetic field, the gravitational field, the strong nuclear field, and the weak nuclear field simultaneously.
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A. Sedenion space
The sedenion space [33, 34] consists of four kinds of the independent quaternion spaces. In the quaternion space for
the gravitational field, the basis vector is Eg = (i0, i1, i2, i3), the radius vector is Rg = (r0, r1, r2, r3), the velocity
is Vg = (v0, v1, v2, v3), and the gravitational potential is Ag = (a0, a1, a2, a3), with the physical quantity Xg = (x0,
x1, x2, x3). In the quaternion space for the electromagnetic field, the basis vector is Ee = (i4, i5, i6, i7), the radius
vector is Re = (r4, r5, r6, r7), the velocity is Ve = (v4, v5, v6, v7), and the electromagnetic potential is Ae = (a4,
a5, a6, a7), with the physical quantity Xe = (x4, x5, x6, x7). In the quaternion space for the weak nuclear field, the
basis vector is Ew = (i8, i9, i10, i11), the radius vector is Rw = (r8, r9, r10, r11), the velocity is Vw = (v8, v9, v10,
v11), and the weak nuclear potential is Aw = (a8, a9, a10, a11), with the physical quantity Xw = (x8, x9, x10, x11).
In the quaternion space for the strong nuclear field, the basis vector is Es = (i12, i13, i14, i15), the radius vector is Rs
= (r12, r13, r14, r15), and the velocity is Vs = (v12, v13, v14, v15), and the strong nuclear potential is As = (a12, a13,
a14, a15), with the physical quantity Xs = (x12, x13, x14, x15).
The basis vectors Ee, Eg, Ew, and Es are independent to each other, and they can combine together to become the
basis vector of sedenion space [35, 36], E16 = (i0, i1, i2, i3, i4, i5, i6, i7, i8, i9, i10, i11, i12, i13, i14, i15). The sedenion
radius vector is R = Σ(iiri + fei(i+4)r(i+4) + fwi(i+8)r(i+8) + fsi(i+12)r(i+12)), the sedenion velocity is V = Σ(iivi
+ fei(i+4)v(i+4) + fwi(i+8)v(i+8) + fsi(i+12)v(i+12)), and the sedenion field potential is A = Σ(iiai + fei(i+4)a(i+4) +
fwi(i+8)a(i+8) + fsi(i+12)a(i+12)), with the sedenion physical quantity X = Σ(iixi + fei(i+4)x(i+4) + fwi(i+8)x(i+8)
+ fsi(i+12)x(i+12)). Herein r0 = v0t, t is the time; v0 is the speed of light. fe, fw, and fs are the coefficients for the
dimensional homogeneity, and fe = keg . i0 = 1. i = 0, 1, 2, 3.
The sedenion operator possesses four kinds of independent and perpendicular quaternion operators in the sedenion
space. The gravitational field operator is ♦g = Σ(ii∂i), the electromagnetic field operator is ♦e = Σ(i(i+4)∂(i+4)), the
weak nuclear field operator is ♦w = Σ(i(i+8)∂(i+8)), and the strong nuclear field operator is ♦s = Σ(i(i+12)∂(i+12)).
Those four operators constitute the sedenion operator ♦16 = ♦g + de♦e + dw♦w + ds♦s . Herein ∂i = ∂/∂ri . de, dw,
and ds are the coefficients for the dimensional homogeneity.
The sedenion field strength is B = Bg + feBe + fwBw + fsBs, and it is defined from the sedenion field potential
A = Ag + feAe + fwAw + fsAs. And that the field strength B includes the gravitational strength Bg = Σ(hiii), the
electromagnetic strength Be = Σ(h(i+4)i(i+4)), the weak nuclear strength Bw = Σ(h(i+8)i(i+8)), and the strong nuclear
strength Bs = Σ(h(i+12)i(i+12)). The gauge equations are h0 = 0, h4 = 0, h8 = 0, and h12 = 0 respectively. The radius
vector R and the sedenion X can be combined together to become the compounding radius vector R¯ = R + krxX,
and the compounding quantity X¯ = X + KrxR. The related space is called as the sedenion compounding space,
which is one kind of function space also. In this space, the compounding field potential is A¯ = (♦16 + kxX¯) ◦ X¯, the
compounding field strength is B¯ = (♦16 + kxX¯ + kaA¯) ◦ A¯, the compounding velocity is V¯ = V + v0krxA, and the
compounding velocity curl is U¯ = U+ v0krxB .
In terms of the sedenion operator ♦16 in the above four fields, we can represent the field potential, the field strength,
the field source, the linear momentum, the angular momentum, the energy, the torque, the force, and some helicities,
including the influence of the adjoint fields on the torque, the force, and the helicity etc.
B. Field source
In the four fields with the sedenion operator (♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯), the physical quantities
will be expanded into the sedenion quantities, including the gravitational mass density, the mass continuity equation,
the charge continuity equation, and the helicity etc. In this sedenion compounding space, the basis vector is E16, the
radius vector is R¯, and the velocity is V¯. The sedenion compounding field potential is A¯ = A¯g + feA¯e+ fwA¯w + fsA¯s,
and is defined from the sedenion quantity X¯, that is A¯ = (♦16 + kxX¯) ◦ X¯ .
The sedenion compounding field potential A¯ encompasses,
A¯g = (♦g ◦ X¯g + defe♦e ◦ X¯e + dwfw♦w ◦ X¯w + dsfs♦s ◦ X¯s)
+ kx(X¯g ◦ X¯g + f
2
e X¯e ◦ X¯e + f
2
wX¯w ◦ X¯w + f
2
s X¯s ◦ X¯s) , (121)
A¯e = (♦g ◦ X¯e + def
−1
e ♦e ◦ X¯g + dsfwf
−1
e ♦s ◦ X¯w + dwfsf
−1
e ♦w ◦ X¯s)
+ kx(X¯e ◦ X¯g + X¯g ◦ X¯e) + kxfsfwf
−1
e (X¯s ◦ X¯w + X¯w ◦ X¯s) , (122)
A¯w = (♦g ◦ X¯w + defsf
−1
w ♦e ◦ X¯s + dwf
−1
w ♦w ◦ X¯g + dsfef
−1
w ♦s ◦ X¯e)
+ kx(X¯g ◦ X¯w + X¯w ◦ X¯g) + kxfefsf
−1
w (X¯e ◦ X¯s + X¯s ◦ X¯e) , (123)
A¯s = (♦g ◦ X¯s + defwf
−1
s ♦e ◦ X¯w + dwfef
−1
s ♦w ◦ X¯e + dsf
−1
s ♦s ◦ X¯g)
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+ kx(X¯g ◦ X¯s + X¯s ◦ X¯g) + kxfefwf
−1
s (X¯e ◦ X¯w + X¯w ◦ X¯e) , (124)
where the symbol ◦ denotes the sedenion multiplication. And the sedenion physical quantity X¯ covers X¯g = Σ(x¯iii),
X¯e = Σ(x¯(i+4)i(i+4)), X¯w = Σ(x¯(i+8)i(i+8)), and X¯s = Σ(x¯(i+12)i(i+12)). The A¯g, A¯e, A¯w, and A¯s are the gravitational
potential, electromagnetic potential, weak nuclear field potential, and strong nuclear field potential respectively.
The sedenion compounding field strength is B¯ = B¯g + feB¯e + fwB¯w + fsB¯s, and is defined from the sedenion field
potential A¯, that is B¯ = (♦16 + kxX¯+ kaA¯) ◦ A¯ .
The sedenion compounding field strength B¯ involves,
B¯g = (♦g ◦ A¯g + defe♦e ◦ A¯e + dwfw♦w ◦ A¯w + dsfs♦s ◦ A¯s)
+ kx(X¯g ◦ A¯g + f
2
e X¯e ◦ A¯e) + kx(f
2
wX¯w ◦ A¯w + f
2
s X¯s ◦ A¯s)
+ ka(A¯g ◦ A¯g + f
2
e A¯e ◦ A¯e + f
2
wA¯w ◦ A¯w + f
2
s A¯s ◦ A¯s) , (125)
B¯e = (♦g ◦ A¯e + def
−1
e ♦e ◦ A¯g + dsfwf
−1
e ♦s ◦ A¯w + dwfsf
−1
e ♦w ◦ A¯s)
+ kx(X¯e ◦ A¯g + X¯g ◦ A¯e) + kxfsfwf
−1
e (X¯s ◦ A¯w + X¯w ◦ A¯s)
+ ka(A¯e ◦ A¯g + A¯g ◦ A¯e) + kafsfwf
−1
e (A¯s ◦ A¯w + A¯w ◦ A¯s) , (126)
B¯w = (♦g ◦ A¯w + defsf
−1
w ♦e ◦ A¯s + dwf
−1
w ♦w ◦ A¯g + dsfef
−1
w ♦s ◦ A¯e)
+ kx(X¯g ◦ A¯w + X¯w ◦ A¯g) + kxfefsf
−1
w (X¯e ◦ A¯s + X¯s ◦ A¯e)
+ ka(A¯g ◦ A¯w + A¯w ◦ A¯g) + kafefsf
−1
w (A¯e ◦ A¯s + A¯s ◦ A¯e) , (127)
B¯s = (♦g ◦ A¯s + defwf
−1
s ♦e ◦ A¯w + dwfef
−1
s ♦w ◦ A¯e + dsf
−1
s ♦s ◦ A¯g)
+ kx(X¯g ◦ A¯s + X¯s ◦ A¯g) + kxfefwf
−1
s (X¯e ◦ A¯w + X¯w ◦ A¯e)
+ ka(A¯g ◦ A¯s + A¯s ◦ A¯g) + kafefwf
−1
s (A¯e ◦ A¯w + A¯w ◦ A¯e) , (128)
where B¯g = Σ(h¯iii), B¯e = Σ(h¯(i+4)i(i+4)), B¯w = Σ(h¯(i+8)i(i+8)), and B¯s = Σ(h¯(i+12)i(i+12)). The gauge equations are
h¯0 = 0, h¯4 = 0, h¯8 = 0, and h¯12 = 0.
For the gravitational strength B¯g, the linear momentum density −µggS¯gg = ♦
∗
g ◦B¯g is the source for the gravitational
field, with three adjoint field sources for the gravitational field, that is −µgeS¯ge = ♦
∗
e ◦ B¯g, −µgwS¯gw = ♦
∗
w ◦ B¯g, and
−µgsS¯gs = ♦
∗
s ◦ B¯g. For the electromagnetic strength B¯e, the electric current density −µegS¯eg = ♦
∗
g ◦ B¯e is the source
for electromagnetic field, with three adjoint field sources for the electromagnetic field, that is −µeeS¯ee = ♦
∗
e ◦ B¯e,
−µewS¯ew = ♦
∗
w ◦ B¯e, and −µesS¯es = ♦
∗
s ◦ B¯e. For the weak nuclear field strength B¯w, the −µwgS¯wg = ♦
∗
g ◦ B¯w
is the source for weak nuclear field, with three kinds of adjoint field sources for the weak nuclear field, that is
−µweS¯we = ♦
∗
e ◦ B¯w, −µwwS¯ww = ♦
∗
w ◦ B¯w, and −µwsS¯ws = ♦
∗
s ◦ B¯w. For the strong nuclear field strength B¯s, the
TABLE XV: The sedenion multiplication table.
1 i1 i2 i3 i4 i5 i6 i7 i8 i9 i10 i11 i12 i13 i14 i15
1 i1 i1 i2 i3 i4 i5 i6 i7 i8 i9 i10 i11 i12 i13 i14 i15
i1 i1 −1 i3 −i2 i5 −i4 −i7 i6 i9 −i8 −i11 i10 −i13 i12 i15 −i14
i2 i2 −i3 −1 i1 i6 i7 −i4 −i5 i10 i11 −i8 −i9 −i14 −i15 i12 i13
i3 i3 i2 −i1 −1 i7 −i6 i5 −i4 i11 −i10 i9 −i8 −i15 i14 −i13 i12
i4 i4 −i5 −i6 −i7 −1 i1 i2 i3 i12 i13 i14 i15 −i8 −i9 −i10 −i11
i5 i5 i4 −i7 i6 −i1 −1 −i3 i2 i13 −i12 i15 −i14 i9 −i8 i11 −i10
i6 i6 i7 i4 −i5 −i2 i3 −1 −i1 i14 −i15 −i12 i13 i10 −i11 −i8 i9
i7 i7 −i6 i5 i4 −i3 −i2 i1 −1 i15 i14 −i13 −i12 i11 i10 −i9 −i8
i8 i8 −i9 −i10 −i11 −i12 −i13 −i14 −i15 −1 i1 i2 i3 i4 i5 i6 i7
i9 i9 i8 −i11 i10 −i13 i12 i15 −i14 −i1 −1 −i3 i2 −i5 i4 i7 −i6
i10 i10 i11 i8 −i9 −i14 −i15 i12 i13 −i2 i3 −1 −i1 −i6 −i7 i4 i5
i11 i11 −i10 i9 i8 −i15 i14 −i13 i12 −i3 −i2 i1 −1 −i7 i6 −i5 i4
i12 i12 i13 i14 i15 i8 −i9 −i10 −i11 −i4 i5 i6 i7 −1 −i1 −i2 −i3
i13 i13 −i12 i15 −i14 i9 i8 i11 −i10 −i5 −i4 i7 −i6 i1 −1 i3 −i2
i14 i14 −i15 −i12 i13 i10 −i11 i8 i9 −i6 −i7 −i4 i5 i2 −i3 −1 i1
i15 i15 i14 −i13 −i12 i11 i10 −i9 i8 −i7 i6 −i5 −i4 i3 i2 −i1 −1
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−µsgS¯sg = ♦
∗
g ◦ B¯s is the source for strong nuclear field, with three kinds of adjoint field sources for the strong nuclear
field, that is −µseS¯se = ♦
∗
e ◦ B¯s, −µswS¯sw = ♦
∗
w ◦ B¯s, and −µssS¯ss = ♦
∗
s ◦ B¯s. The three adjoint field sources, S¯ee,
S¯ww, and S¯ss, possess the feature of the gravitational field, and are considered as the candidate of the dark matters.
The sedenion field source S¯ satisfies
µS¯ = − (♦16 + kxX¯+ kaA¯+ kbB¯)
∗
◦ B¯
= µggS¯gg + feµgeS¯ge + fwµgw S¯gw + fsµgsS¯gs
+ de(µegS¯eg + feµeeS¯ee + fwµew S¯ew + fsµesS¯es)
+ dw(µwgS¯wg + feµweS¯we + fwµwwS¯ww + fsµwsS¯ws)
+ ds(µsgS¯sg + feµseS¯se + fwµswS¯sw + fsµssS¯ss)
− kxX¯
∗
◦ B¯− kaA¯
∗
◦ B¯− kbB¯
∗
◦ B¯ , (129)
where S¯ = Σ(s¯iii + fes¯(i+4)i(i+4) + fws¯(i+8)i(i+8) + fss¯(i+12)i(i+12)). µ, µgg, µge, µgw, µgs, µeg, µee, µew, µes, µwg,
µwe, µww, µws, µsg, µse, µsw, and µss are the coefficients for the dimensional homogeneity. µgg and µeg are the
gravitational constant and electromagnetic constant respectively. (kxX¯
∗ · B¯+ kaA¯
∗ · B¯+ kbB¯
∗ · B¯) is the field strength
helicity. And X¯∗ · B¯ is the scalar part of the X¯∗ ◦ B¯. The ∗ denotes the sedenion conjugate [37, 38].
TABLE XVI: The field equations of the four fields with their adjoint fields.
fundamental field field source field equation
gravitational field gravitational field source −µggS¯gg = ♦
∗
g ◦ B¯g
adjoint gravitational field source −µgeS¯ge = ♦
∗
e ◦ B¯g
adjoint gravitational field source −µgwS¯gw = ♦
∗
w ◦ B¯g
adjoint gravitational field source −µgsS¯gs = ♦
∗
s ◦ B¯g
electromagnetic field electromagnetic field source −µegS¯eg = ♦
∗
g ◦ B¯e
adjoint electromagnetic field source −µeeS¯ee = ♦
∗
e ◦ B¯e
adjoint electromagnetic field source −µewS¯ew = ♦
∗
w ◦ B¯e
adjoint electromagnetic field source −µesS¯es = ♦
∗
s ◦ B¯e
weak nuclear field weak nuclear field source −µwg S¯wg = ♦
∗
g ◦ B¯w
adjoint weak nuclear field source −µweS¯we = ♦
∗
e ◦ B¯w
adjoint weak nuclear field source −µwwS¯ww = ♦
∗
w ◦ B¯w
adjoint weak nuclear field source −µwsS¯ws = ♦
∗
s ◦ B¯w
strong nuclear field strong nuclear field source −µsgS¯sg = ♦
∗
g ◦ B¯s
adjoint strong nuclear field source −µseS¯se = ♦
∗
e ◦ B¯s
adjoint strong nuclear field source −µswS¯sw = ♦
∗
w ◦ B¯s
adjoint strong nuclear field source −µssS¯ss = ♦
∗
s ◦ B¯s
C. Torque
The sedenion linear momentum density is P¯ = µS¯/µgg = Σ(p¯iii+fep¯(i+4)i(i+4)+fwp¯(i+8)i(i+8)+fsp¯(i+12)i(i+12)) in
the sedenion compounding space, and the sedenion angular momentum density is L¯ = R¯ ◦ P¯ = Σ(l¯iii+ fe l¯(i+4)i(i+4)+
fw l¯(i+8)i(i+8) + fsl¯(i+12)i(i+12)). And the sedenion torque-energy density W¯ is defined from the angular momentum
density L¯, the field strength B¯, and the field source S¯ etc,
W¯ = v0(♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯) ◦ L¯ , (130)
where −w¯0/2 is the energy density, w¯/2 = Σ(w¯jij)/2 is the torque density.
The scalar w¯0 of W¯ = Σ(w¯iii + few¯(i+4)i(i+4) + fww¯(i+8)i(i+8) + fsw¯(i+12)i(i+12)) is written as,
w¯0/v0 = ka
{
a¯0 l¯0 + a¯g · l¯g + f
2
e (a¯4 ◦ l¯4 + a¯e · l¯e)
}
+ ka
{
f2w(a¯8 ◦ l¯8 + a¯w · l¯w) + f
2
s (a¯12 ◦ l¯12 + a¯s · l¯s)
}
+ kx
{
x¯0 l¯0 + x¯g · l¯g + f
2
e (x¯4 ◦ l¯4 + x¯e · l¯e)
}
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+ kx
{
f2w(x¯8 ◦ l¯8 + x¯w · l¯w) + f
2
s (x¯12 ◦ l¯12 + x¯s · l¯s)
}
+ ks
{
s¯0 l¯0 + s¯g · l¯g + f
2
e (s¯4 ◦ l¯4 + s¯e · l¯e)
}
+ ks
{
f2w(s¯8 ◦ l¯8 + s¯w · l¯w) + f
2
s (s¯12 ◦ l¯12 + s¯s · l¯s)
}
+ kl
{
l¯0 l¯0 + l¯g · l¯g + f
2
e (¯l4 ◦ l¯4 + l¯e · l¯e)
}
+ kl
{
f2w (¯l8 ◦ l¯8 + l¯w · l¯w) + f
2
s (¯l12 ◦ l¯12 + l¯s · l¯s)
}
+ kb(h¯g · l¯g + f
2
e h¯e · l¯e + f
2
wh¯w · l¯w + f
2
s h¯s · l¯s)
+ ∂0 l¯0 +∇g · l¯g + defe(i4 ◦ ∂4l¯4 +∇e · l¯e)
+ dwfw(i8 ◦ ∂8l¯8 +∇w · l¯w) + dsfs(i12 ◦ ∂12l¯12 +∇s · l¯s) , (131)
where −w¯0/2 includes the kinetic energy, the gravitational potential energy, the electric potential energy, the magnetic
potential energy, the field energy, the work, the interacting energy between the dipole moment with the fields, and some
new energy terms. l¯g = Σ(ij l¯j), l¯e = Σ(i(j+4) l¯(j+4)), l¯w = Σ(i(j+8) l¯(j+8)), l¯s = Σ(i(j+12) l¯(j+12)); l¯4 = i4 l¯4, l¯8 = i8 l¯8,
l¯12 = i12 l¯12 . x¯g = Σ(ij x¯j), x¯e = Σ(i(j+4)x¯(j+4)), x¯w = Σ(i(j+8)x¯(j+8)), x¯s = Σ(i(j+12)x¯(j+12)); x¯4 = i4x¯4, x¯8 = i8x¯8,
x¯12 = i12x¯12 . a¯g = Σ(ij a¯j), a¯e = Σ(i(j+4)a¯(j+4)), a¯w = Σ(i(j+8)a¯(j+8)), a¯s = Σ(i(j+12)a¯(j+12)); a¯4 = i4a¯4, a¯8 = i8a¯8,
a¯12 = i12a¯12 . s¯g = Σ(ij s¯j), s¯e = Σ(i(j+4)s¯(j+4)), s¯w = Σ(i(j+8)s¯(j+8)), s¯s = Σ(i(j+12)s¯(j+12)). s¯4 = i4s¯4, s¯8 = i8s¯8,
s¯12 = i12s¯12 . h¯g = Σ(ij h¯j), h¯e = Σ(i(j+4)h¯(j+4)), h¯w = Σ(i(j+8)h¯(j+8)), h¯s = Σ(i(j+12)h¯(j+12)). ∇g = Σ(ij∂j),
∇e = Σ(i(j+4)∂(j+4)), ∇w = Σ(i(j+8)∂(j+8)), ∇s = Σ(i(j+12)∂(j+12)).
In a similar way, expressing the torque density w¯ of W¯ as
w¯/v0 = (∂0l¯g +∇g l¯0 +∇g × l¯g) + defe(i4 ◦ ∂4l¯e +∇e ◦ l¯4 +∇e × l¯e)
+ dwfw(i8 ◦ ∂8 l¯w +∇w ◦ l¯8 +∇w × l¯w) + dsfs(i12 ◦ ∂12l¯s +∇s ◦ l¯12 +∇s × l¯s)
+ ka(a¯g × l¯g + a¯g l¯0 + a¯0l¯g) + kaf
2
e (a¯e × l¯e + a¯4 ◦ l¯e + a¯e ◦ l¯4)
+ kaf
2
w(a¯w × l¯w + a¯8 ◦ l¯w + a¯w ◦ l¯8) + kaf
2
s (a¯s × l¯s + a¯12 ◦ l¯s + a¯s ◦ l¯12)
+ kx(x¯g × l¯g + x¯g l¯0 + x¯0l¯g) + kxf
2
e (x¯e × l¯e + x¯4 ◦ l¯e + x¯e ◦ l¯4)
+ kxf
2
w(x¯w × l¯w + x¯8 ◦ l¯w + x¯w ◦ l¯8) + kxf
2
s (x¯s × l¯s + x¯12 ◦ l¯s + x¯s ◦ l¯12)
+ ks(s¯g × l¯g + s¯g l¯0 + s¯0l¯g) + ksf
2
e (s¯e × l¯e + s¯4 ◦ l¯e + s¯e ◦ l¯4)
+ ksf
2
w(s¯w × l¯w + s¯8 ◦ l¯w + s¯w ◦ l¯8) + ksf
2
s (s¯s × l¯s + s¯12 ◦ l¯s + s¯s ◦ l¯12)
+ kb(h¯g × l¯g + h¯g l¯0) + kbf
2
e (h¯e × l¯e + h¯e ◦ l¯4)
+ kbf
2
w(h¯w × l¯w + h¯w ◦ l¯8) + kbf
2
s (h¯s × l¯s + h¯s ◦ l¯12) + 2kl l¯0 l¯g , (132)
where the above includes some new terms of the torque density.
D. Force
In the sedenion compounding space with the operator (♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯ + kwW¯), the sedenion
force-power density N¯ is defined as follows,
N¯ = v0(♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
∗
◦ W¯ , (133)
where N¯ = Σ(n¯iii)+feΣ(n¯(i+4)i(i+4)i)+fwΣ(n¯(i+8)i(i+8))+fsΣ(n¯(i+12)i(i+12)). The power density is f¯0 = −n¯0/(2v0),
and the vectorial part is n¯ = Σ(n¯jij).
Further expressing the scalar n¯0 of the sedenion N¯ as
n¯0/v0 = ka
{
a¯0w¯0 + a¯
∗
g · w¯g + f
2
e (a¯
∗
4 ◦ w¯4 + a¯
∗
e · w¯e)
}
+ ka
{
f2w(a¯
∗
8 ◦ w¯8 + a¯
∗
w · w¯w) + f
2
s (a¯
∗
12 ◦ w¯12 + a¯
∗
s · w¯s)
}
+ kx
{
x¯0w¯0 + x¯
∗
g · w¯g + f
2
e (x¯
∗
4 ◦ w¯4 + x¯
∗
e · w¯e)
}
+ kx
{
f2w(x¯
∗
8 ◦ w¯8 + x¯
∗
w · w¯w) + f
2
s (x¯
∗
12 ◦ w¯12 + x¯
∗
s · w¯s)
}
+ ks
{
s¯0w¯0 + s¯
∗
g · w¯g + f
2
e (s¯
∗
4 ◦ w¯4 + s¯
∗
e · w¯e)
}
+ ks
{
f2w(s¯
∗
8 ◦ w¯8 + s¯
∗
w · w¯w) + f
2
s (s¯
∗
12 ◦ w¯12 + s¯
∗
s · w¯s)
}
+ kl
{
l¯0w¯0 + l¯
∗
g · w¯g + f
2
e (¯l
∗
4 ◦ w¯4 + l¯
∗
e · w¯e)
}
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{
f2w (¯l
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s (¯l
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}
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∗
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2
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}
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{
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2
s (w¯
∗
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∗
s · w¯s)
}
+ kb(h¯
∗
g · w¯g + f
2
e h¯
∗
e · w¯e + f
2
wh¯
∗
w · w¯w + f
2
s h¯
∗
s · w¯s)
+ ∂0w¯0 +∇
∗
g · w¯g + defe(i
∗
4 ◦ ∂4w¯4 +∇
∗
e · w¯e)
+ dwfw(i
∗
8 ◦ ∂8w¯8 +∇
∗
w · w¯w) + dsfs(i
∗
12 ◦ ∂12w¯12 +∇
∗
s · w¯s) . (134)
In the above four fields with the sedenion operator (♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯), the force density
f¯ = −n¯/(2v0) can be defined from the vectorial part n¯ of N¯ ,
n¯/v0 = (∂0w¯g +∇
∗
gw¯0 +∇
∗
g × w¯g) + defe(i
∗
4 ◦ ∂4w¯e +∇
∗
e ◦ w¯4 +∇
∗
e × w¯e)
+ dwfw(i
∗
8 ◦ ∂8w¯w +∇
∗
w ◦ w¯8 +∇
∗
w × w¯w)
+ dsfs(i
∗
12 ◦ ∂12w¯s +∇
∗
s ◦ w¯12 +∇
∗
s × w¯s)
+ ka(a¯
∗
g × w¯g + a¯
∗
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2
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2
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∗
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∗
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2
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2
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2
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8 ◦ w¯w + x¯
∗
w ◦ w¯8) + kxf
2
s (x¯
∗
s × w¯s + x¯
∗
12 ◦ w¯s + x¯
∗
s ◦ w¯12)
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∗
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∗
gw¯0 + s¯0w¯g) + ksf
2
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∗
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∗
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∗
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2
w(s¯
∗
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∗
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∗
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2
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∗
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+ kl(¯l
∗
g × w¯g + l¯
∗
gw¯0 + l¯0w¯g) + klf
2
e (¯l
∗
e × w¯e + l¯
∗
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+ klf
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∗
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s (¯l
∗
s × w¯s + l¯
∗
12 ◦ w¯s + l¯
∗
s ◦ w¯12)
+ kb(h¯
∗
g × w¯g + h¯
∗
gw¯0) + kbf
2
e (h¯
∗
e × w¯e + h¯
∗
e ◦ w¯4)
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2
w(h¯
∗
w × w¯w + h¯
∗
w ◦ w¯8) + kbf
2
s (h¯
∗
s × w¯s + h¯
∗
s ◦ w¯12) , (135)
where the force density f¯ includes that of the inertial force, the gravitational force, the gradient of energy, Lorentz
force, and the interacting force between the dipole moment with the fields, as well as the weak nuclear force and the
strong nuclear force with their adjoint fields etc. The above force is much longer than that in the classical field theory,
and includes more new force terms related to the gradient of energy, the field potential, and the angular velocity etc
in the four fields with their related adjoint fields.
TABLE XVII: The field sources of the four fields with their adjoint fields.
sources fields descriptions characterictics
S¯gg gravitational field linear momentum gravitation
S¯ee electromagnetic adjoint field adjoint electric current gravitation
S¯ww weak nuclear adjoint field adjoint weak nuclear current gravitation
S¯ss strong nuclear adjoint field adjoint strong nuclear current gravitation
S¯ge gravitational adjoint field adjoint linear momentum electromagnetism
S¯eg electromagnetic field electric current electromagnetism
S¯ws weak nuclear adjoint field adjoint weak nuclear current electromagnetism
S¯sw strong nuclear adjoint field adjoint strong nuclear current electromagnetism
S¯gw gravitational adjoint field adjoint linear momentum weak nuclear force
S¯es electromagnetic adjoint field adjoint electric current weak nuclear force
S¯wg weak nuclear field weak nuclear current weak nuclear force
S¯se strong nuclear adjoint field adjoint strong nuclear current weak nuclear force
S¯gs gravitational adjoint field adjoint linear momentum strong nuclear force
S¯ew electromagnetic adjoint field adjoint electric current strong nuclear force
S¯we weak nuclear adjoint field adjoint weak nuclear current strong nuclear force
S¯sg strong nuclear field strong nuclear current strong nuclear force
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TABLE XVIII: Some physical quantities of the four fields with their adjoint fields in the sedenion space.
definitions meanings
X¯ field quantity
A¯ = (♦16 + kxX¯) ◦ X¯ field potential
B¯ = (♦16 + kxX¯+ kaA¯) ◦ A¯ field strength
R¯ radius vector
V¯ = v0♦16 ◦ R¯ velocity
U¯ = ♦16 ◦ V¯ velocity curl
µS¯ = −(♦16 + kxX¯+ kaA¯+ kbB¯)
∗
◦ B¯ field source
H¯b = (kxX¯+ kaA¯ + kbB¯)
∗
· B¯ field strength helicity
P¯ = µS¯/µgg linear momentum density
R¯ = R+ krxX compounding radius vector
L¯ = R¯ ◦ P¯ angular momentum density
W¯ = v0(♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯) ◦ L¯ torque-energy densities
N¯ = v0(♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
∗
◦ W¯ force-power density
F¯ = −N¯/(2v0) force density
H¯s = (kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯)
∗
· P¯ field source helicity
E. Helicity
In the compounding space with the sedenion operator (♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯), some helicity
terms [39, 40] will impact the mass continuity equation and the charge continuity equation etc.
1. Field strength helicity
The sedenion linear momentum density, P¯ = µS¯/µgg, is defined from the sedenion field source S¯ in the compounding
space with the operator (♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯),
P¯ = P¯g + feP¯e + fwP¯w + fsP¯s , (136)
where P¯g = Σ(p¯iii), P¯e = Σ(p¯(i+4)i(i+4)), P¯w = Σ(p¯(i+8)i(i+8)), P¯s = Σ(p¯(i+12)i(i+12)). And ♦16 · R¯ is the scalar part
of the ♦16 ◦ R¯. p¯0 = m̂v0, m̂ = m(v¯
δ
0/v¯0) +△m, v¯
δ
0 = v0♦16 · R¯, △m = −(kxX¯
∗ · B¯+ kaA¯
∗ · B¯+ kbB¯
∗ · B¯)/(v¯0µgg).
According to the sedenion features, the gravitational mass density m̂ is one reserved scalar, and is changed with the
field strength (B¯g, B¯e, B¯w, and B¯s), the potential (A¯g, A¯e, A¯w, and A¯s), the helicity (kxX¯
∗ · B¯+ kaA¯
∗ · B¯+ kbB¯
∗ · B¯),
and the sedenion (X¯g, X¯e, X¯w, and X¯s) etc in the sedenion compounding space. The helicity includes the magnetic
helicity a¯e · h¯e, the kinetic helicity v¯g · u¯g, the cross helicity v¯e · h¯e, and the new helicity term a¯e · u¯e etc.
Similarly to the physical quantities S¯ and L¯, the sedenion angular momentum W¯ has not an influence on the field
strength helicity in the compounding space with the sedenion operator (♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯).
Therefore we can not distinguish this field from some fields with other sedenion operators, according to the viewpoint
of the field strength helicity.
2. Field source helicity
The part force density F¯ is one part of the sedenion force-power density N¯, and is defined from the sedenion linear
momentum density P¯ ,
F¯ = v0(♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
∗
◦ P¯ , (137)
where the part force density includes that of the inertial force, gravitational force, Lorentz force, and the interacting
force between the fields with the dipoles etc.
The scalar f¯0 of the part force density F¯ is written as,
f¯0/v0 = ka
{
a¯0p¯0 + a¯
∗
g · p¯g + f
2
e (a¯
∗
4 ◦ p¯4 + a¯
∗
e · p¯e)
}
37
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+ kw
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g · p¯g + defe(i
∗
4 ◦ ∂4p¯4 +∇
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e · p¯e)
+ dwfw(i
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s · p¯s) , (138)
where the field source helicity in the fields with the sedenion operator (♦16 + kxX¯+ kaA¯ + kbB¯+ ksS¯+ klL¯+ kwW¯)
covers the helicity terms (a¯∗g · p¯g + a¯0p¯0), (a¯
∗
e · p¯e + a¯
∗
4 ◦ p¯4), (h¯
∗
g · p¯g + f
2
e h¯
∗
e · p¯e), (x¯
∗
g · p¯g + x¯0p¯0), (x¯
∗
e · p¯e + x¯
∗
4 ◦ p¯4),
(s¯∗g · p¯g + s¯0p¯0), (s¯
∗
e · p¯e + s¯
∗
4 ◦ p¯4), (¯l
∗
g · p¯g + l¯0p¯0), (¯l
∗
e · p¯e + l¯
∗
4 ◦ p¯4), (w¯
∗
g · p¯g + w¯0p¯0), and (w¯
∗
e · p¯e + w¯
∗
4 ◦ p¯4) etc.
And that they include the magnetic helicity ae · he, the kinetic helicity ve · ue, the cross helicity ve · he, the current
helicity h∗e · pe, and some other new helicity terms etc. p¯g = Σ(ij p¯j), p¯e = Σ(i(j+4)p¯(j+4)), p¯w = Σ(i(j+8)p¯(j+8)),
p¯s = Σ(i(j+12)p¯(j+12)); p¯4 = i4p¯4, p¯8 = i8p¯8, p¯12 = i12p¯12 .
The above is the mass continuity equation in the four fields with the operator (♦16 + kxX¯ + kaA¯ + kbB¯ + ksS¯ +
klL¯+ kwW¯), and is effected by the speed of light v¯0 and some helicities of the rotational objects and of the spinning
charged objects.
A new physical quantity F¯q can be defined from the part force density F¯,
F¯q = F¯ ◦ i
∗
4 . (139)
The scalar part F¯0 of the F¯q is written as,
F¯0/v0 = fe(∂0p¯4 +∇
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where the above helicity terms include that in the gravitational field, the electromagnetic field, the weak nuclear field,
and the strong nuclear field with their adjoint fields.
In the sedenion compounding space with the sedenion operator (♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯), the
above is the charge continuity equation in the presence of the gravitational field, the electromagnetic field, the weak
nuclear field, and the strong nuclear field with their adjoint fields when the scalar part F0 = 0. Similarly to the case
with the octonion operator (♦8+kxX¯+kaA¯+kbB¯+ksS¯+klL¯+kwW¯), this charge continuity equation is the invariant
under the sedenion coordinate transformation, meanwhile the X¯, A¯, B¯, S¯, L¯, and W¯ of the above four fields have the
influence on the charge continuity equation, although the impacts are usually paltry when the fields are puny.
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In the same way, the above physical quantities will impact the continuity equation of the weak nuclear current in
the definition (F¯ ◦ i∗8), and the continuity equation of the strong nuclear current in the definition (F¯ ◦ i
∗
12).
XIII. THE FIELDS REGARDING THE TRIGINTADUONION OPERATOR ♦32
In the electromagnetic field, the gravitational field, the weak nuclear field, and the strong nuclear field, the sedenion
operator (♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯) can deduce the sedenion physical properties of four fields with
their related adjoint fields, including the sedenion linear momentum, the sedenion angular momentum, the energy, the
sedenion torque, the power, the sedenion force, and some helicities of the rotational objects and the spinning charged
objects etc. But there may exist other kinds of unknown fundamental fields in the nature theoretically, and then the
above consequences can not cover the helicities of the these unknown fundamental fields with their related adjoint
fields etc. In this section, the operator will substitute the trigintaduonion operator ♦32 for the sedenion operator ♦16
to encompass the physical properties of the above unknown fields simultaneously, besides that of the electromagnetic
field, the gravitational field, the strong nuclear field, and the weak nuclear field.
A. Trigintaduonion space
The trigintaduonion space [41] can encompass eight kinds of the independent and perpendicular quaternion spaces.
Besides the four quaternion spaces for the gravitational field, the electromagnetic field, the weak nuclear field, and the
strong nuclear field, we imagine that there exist other four kinds of quaternion spaces for the unknown fundamental
fields. Those four unknown fields are called as the α field, the β field, the γ field, and the δ field.
In the quaternion space for the α field, the basis vector is Eα = (i16, i17, i18, i19), the radius vector is Rα = (r16,
r17, r18, r19), the velocity is Vα = (v16, v17, v18, v19), and the α field potential is Aα = (a16, a17, a18, a19), with the
physical quantity Xα = (x16, x17, x18, x19). In the quaternion space for the β field, the basis vector is Eβ = (i20,
i21, i22, i23), the radius vector is Rβ = (r20, r21, r22, r23), the velocity is Vβ = (v20, v21, v22, v23), and the β field
potential is Aβ = (a20, a21, a22, a23), with the physical quantity Xβ = (x20, x21, x22, x23). In the quaternion space
for the γ field, the basis vector is Eγ = (i24, i25, i26, i27), the radius vector is Rγ = (r24, r25, r26, r27), the velocity is
Vγ = (v24, v25, v26, v27), and the γ field potential is Aγ = (a24, a25, a26, a27), with the physical quantity Xγ = (x24,
x25, x26, x27). In the quaternion space for the δ field, the basis vector is Eδ = (i28, i29, i30, i31), the radius vector is
Rδ = (r28, r29, r30, r31), and the velocity is Vδ = (v28, v29, v30, v31), and the δ field potential is Aδ = (a28, a29, a30,
a31), with the physical quantity Xδ = (x28, x29, x30, x31).
The eight quaternion basis vectors, Ee, Eg, Ew, Es, Eα, Eβ , Eγ , and Eδ, are independent to each other, and that
they can combine together to become the basis vector of the trigintaduonion space, E32 = (i0, i1, i2, i3, i4, i5, i6, i7,
i8, i9, i10, i11, i12, i13, i14, i15, i16, i17, i18, i19, i20, i21, i22, i23, i24, i25, i26, i27, i28, i29, i30, i31). The trigintaduonion
radius vector is R = Rg + feRe + fwRw + fsRs + fαRα + fβRβ + fγRγ + fδRδ, the trigintaduonion velocity is V
= Vg + feVe + fwVw + fsVs + fαVα + fβVβ + fγVγ + fδVδ, and the trigintaduonion field potential is A = Ag +
feAe + fwAw + fsAs + fαAα + fβAβ + fγAγ + fδAδ, with the trigintaduonion physical quantity X = Xg + feXe
+ fwXw + fsXs + fαXα + fβXβ + fγXγ + fδXδ. Herein fα, fβ, fγ , and fδ are the coefficients for the dimensional
homogeneity. i0 = 1. i = 0, 1, 2, 3.
The trigintaduonion operator possesses eight kinds of independent and perpendicular quaternion operators in the
trigintaduonion space. The α field operator is ♦α = Σ(i(i+16)∂(i+16)), the β field operator is ♦β = Σ(i(i+20)∂(i+20)),
the γ field operator is ♦γ = Σ(i(i+24)∂(i+24)), and the δ field operator is ♦δ = Σ(i(i+28)∂(i+28)). Those eight operators
can constitute the trigintaduonion operator ♦32 = ♦g + de♦e + dw♦w + ds♦s + dα♦α + dβ♦β + dγ♦γ + dδ♦δ .
Herein dα, dβ , dγ , and dδ are the coefficients for the dimensional homogeneity.
The trigintaduonion field strength is B = Bg + feBe + fwBw + fsBs + fαBα + fβBβ + fγBγ + fδBδ, and it is
defined from the trigintaduonion field potential A = Ag + feAe + fwAw + fsAs + fαAα + fβAβ + fγAγ + fδAδ.
And the trigintaduonion field strength B includes the α field strength ♦α = Σ(i(i+16)h(i+16)), the β field strength
♦β = Σ(i(i+20)h(i+20)), the γ field strength ♦γ = Σ(i(i+24)h(i+24)), and the δ field strength ♦δ = Σ(i(i+28)h(i+28)),
besides the gravitational strength Bg, the electromagnetic strength Be, the weak nuclear strength Bw, and the strong
nuclear strength Bs. The eight gauge equations are h0 = 0, h4 = 0, h8 = 0, h12 = 0, h16 = 0, h20 = 0, h24 = 0, and
h28 = 0 respectively in the trigintaduonion space.
The radius vector R and the trigintaduonion quantity X can be combined together to become the compounding
radius vector R¯ = R + krxX, and the compounding quantity X¯ = X + KrxR. The related space is called as the
trigintaduonion compounding space, which is one kind of function space also. In this space, the compounding field
potential is A¯ = (♦32 + kxX¯) ◦ X¯, the compounding field strength is B¯ = (♦32 + kxX¯ + kaA¯) ◦ A¯, the compounding
velocity is V¯ = V+ v0krxA, and the compounding velocity curl is U¯ = U+ v0krxB.
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In terms of the trigintaduonion operator ♦32 in the above eight fields, we can represent the field potential, the field
strength, the field source, the linear momentum, the angular momentum, the energy, the torque, the force, and some
helicities, including the influence of the adjoint fields on the torque, the force, and the helicity etc.
B. Field source
In the fields with the operator (♦32+kxX¯+kaA¯+kbB¯+ksS¯+klL¯+kwW¯), the physical quantities will be expanded
into the trigintaduonion quantity, including the gravitational mass density and the helicity etc. In this compounding
space, the trigintaduonion basis vector is E32, the trigintaduonion radius vector is R¯, and the trigintaduonion velocity
is V¯. The trigintaduonion compounding field potential is A¯ = A¯g+feA¯e+fwA¯w+fsA¯s+fαA¯α+fβA¯β+fγA¯γ+fδA¯δ,
and is defined from the trigintaduonion quantity X¯, that is A¯ = (♦32 + kxX¯) ◦ X¯ .
The trigintaduonion compounding field potential A¯ encompasses,
A¯g = (♦g ◦ X¯g + defe♦e ◦ X¯e + dwfw♦w ◦ X¯w + dsfs♦s ◦ X¯s)
+ (dαfα♦α ◦ X¯α + dβfβ♦β ◦ X¯β + dγfγ♦γ ◦ X¯γ + dδfδ♦δ ◦ X¯δ)
+ kx(X¯g ◦ X¯g + f
2
e X¯e ◦ X¯e + f
2
wX¯w ◦ X¯w + f
2
s X¯s ◦ X¯s)
+ kx(f
2
αX¯α ◦ X¯α + f
2
βX¯β ◦ X¯β + f
2
γ X¯γ ◦ X¯γ + f
2
δ X¯δ ◦ X¯δ) , (141)
A¯e = (♦g ◦ X¯e + def
−1
e ♦e ◦ X¯g + dsfwf
−1
e ♦s ◦ X¯w + dwfsf
−1
e ♦w ◦ X¯s)
+ f−1e (dαfβ♦α ◦ X¯β + dβfα♦β ◦ X¯α + dγfδ♦γ ◦ X¯δ + dδfγ♦δ ◦ X¯γ)
+ kx(X¯e ◦ X¯g + X¯g ◦ X¯e) + kxfsfwf
−1
e (X¯s ◦ X¯w + X¯w ◦ X¯s)
+ kxfαfβf
−1
e (X¯α ◦ X¯β + X¯β ◦ X¯α) + kxfγfδf
−1
e (X¯γ ◦ X¯δ + X¯δ ◦ X¯γ) , (142)
A¯w = (♦g ◦ X¯w + defsf
−1
w ♦e ◦ X¯s + dwf
−1
w ♦w ◦ X¯g + dsfef
−1
w ♦s ◦ X¯e)
+ f−1w (dαfγ♦α ◦ X¯γ + dβfδ♦β ◦ X¯δ + dγfα♦γ ◦ X¯α + dδfβ♦δ ◦ X¯β)
+ kx(X¯g ◦ X¯w + X¯w ◦ X¯g) + kxfefsf
−1
w (X¯e ◦ X¯s + X¯s ◦ X¯e)
+ kxfαfγf
−1
w (X¯α ◦ X¯γ + X¯γ ◦ X¯α) + kxfβfδf
−1
w (X¯β ◦ X¯δ + X¯δ ◦ X¯β) , (143)
A¯s = (♦g ◦ X¯s + defwf
−1
s ♦e ◦ X¯w + dwfef
−1
s ♦w ◦ X¯e + dsf
−1
s ♦s ◦ X¯g)
+ f−1s (dαfδ♦α ◦ X¯δ + dβfγ♦β ◦ X¯γ + dγfβ♦γ ◦ X¯β + dδfα♦δ ◦ X¯α)
+ kx(X¯g ◦ X¯s + X¯s ◦ X¯g) + kxfefwf
−1
s (X¯e ◦ X¯w + X¯w ◦ X¯e)
+ kxfαfδf
−1
s (X¯α ◦ X¯δ + X¯δ ◦ X¯α) + kxfβfγf
−1
s (X¯β ◦ X¯γ + X¯γ ◦ X¯β) , (144)
A¯α =(♦g ◦ X¯α + defβf
−1
α ♦e ◦ X¯β + dwfγf
−1
α ♦w ◦ X¯γ + dsfδf
−1
α ♦s ◦ X¯δ)
+ f−1α (dα♦α ◦ X¯g + dβfe♦β ◦ X¯e + dγfw♦γ ◦ X¯w + dδfs♦δ ◦ X¯s)
+ kx(X¯g ◦ X¯α + X¯α ◦ X¯g) + kxfefβf
−1
α (X¯e ◦ X¯β + X¯β ◦ X¯e)
+ kxfwfγf
−1
α (X¯w ◦ X¯γ + X¯γ ◦ X¯w) + kxfsfδf
−1
α (X¯s ◦ X¯δ + X¯δ ◦ X¯s) , (145)
A¯β = (♦g ◦ X¯β + defαf
−1
β ♦e ◦ X¯α + dwfδf
−1
β ♦w ◦ X¯δ + dsfγf
−1
β ♦s ◦ X¯γ)
+ f−1β (dαfe♦α ◦ X¯e + dβ♦β ◦ X¯g + dγfs♦γ ◦ X¯s + dδfw♦δ ◦ X¯w)
+ kx(X¯β ◦ X¯g + X¯g ◦ X¯β) + kxfefαf
−1
β (X¯e ◦ X¯α + X¯α ◦ X¯e)
+ kxfwfδf
−1
β (X¯w ◦ X¯δ + X¯δ ◦ X¯w) + kxfγfsf
−1
β (X¯γ ◦ X¯s + X¯s ◦ X¯γ) , (146)
A¯γ = (♦g ◦ X¯γ + defδf
−1
γ ♦e ◦ X¯δ + dwfαf
−1
γ ♦w ◦ X¯α + dsfβf
−1
γ ♦s ◦ X¯β)
+ f−1γ (dαfw♦α ◦ X¯w + dβfs♦β ◦ X¯s + dγ♦γ ◦ X¯g + dδfe♦δ ◦ X¯e)
+ kx(X¯g ◦ X¯γ + X¯γ ◦ X¯g) + kxfefδf
−1
γ (X¯e ◦ X¯δ + X¯δ ◦ X¯e)
+ kxfαfwf
−1
γ (X¯α ◦ X¯w + X¯w ◦ X¯α) + kxfβfsf
−1
γ (X¯β ◦ X¯s + X¯s ◦ X¯β) , (147)
A¯δ = (♦g ◦ X¯δ + defγf
−1
δ ♦e ◦ X¯γ + dwfβf
−1
δ ♦w ◦ X¯β + dsfαf
−1
δ ♦s ◦ X¯α)
+ f−1δ (dαfs♦α ◦ X¯s + dβfw♦β ◦ X¯w + dγfe♦γ ◦ X¯e + dδ♦δ ◦ X¯g)
+ kx(X¯g ◦ X¯δ + X¯δ ◦ X¯g) + kxfefγf
−1
δ (X¯e ◦ X¯γ + X¯γ ◦ X¯e)
+ kxfαfsf
−1
δ (X¯α ◦ X¯s + X¯s ◦ X¯α) + kxfβfwf
−1
δ (X¯β ◦ X¯w + X¯w ◦ X¯β) , (148)
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where the symbol ◦ denotes the trigintaduonion multiplication. The trigintaduonion physical quantity X¯ includes the
X¯α = Σ(x¯(i+16)i(i+16)), X¯β = Σ(x¯(i+20)i(i+20)), X¯γ = Σ(x¯(i+24)i(i+24)), and X¯δ = Σ(x¯(i+28)i(i+28)), besides the X¯g,
X¯e, X¯w, and X¯s. The A¯α, A¯β , A¯γ , and A¯δ are the α field potential, the β field potential, the γ field potential, and
the δ field potential respectively.
The trigintaduonion compounding field strength is B¯ = B¯g + feB¯e + fwB¯w + fsB¯s + fαB¯α + fβB¯β + fγB¯γ + fδB¯δ,
and is defined from the trigintaduonion field potential A¯, that is B¯ = (♦32 + kxX¯+ kaA¯) ◦ A¯ .
The trigintaduonion compounding field strength B¯ involves,
B¯g = (♦g ◦ A¯g + defe♦e ◦ A¯e + dwfw♦w ◦ A¯w + dsfs♦s ◦ A¯s)
+ (dαfα♦α ◦ A¯α + dβfβ♦β ◦ A¯β + dγfγ♦γ ◦ A¯γ + dδfδ♦δ ◦ A¯δ)
+ kx(X¯g ◦ A¯g + f
2
e X¯e ◦ A¯e + f
2
wX¯w ◦ A¯w + f
2
s X¯s ◦ A¯s)
+ kx(f
2
αX¯α ◦ A¯α + f
2
βX¯β ◦ A¯β + f
2
γ X¯γ ◦ A¯γ + f
2
δ X¯δ ◦ A¯δ)
+ ka(A¯g ◦ A¯g + f
2
e A¯e ◦ A¯e + f
2
wA¯w ◦ A¯w + f
2
s A¯s ◦ A¯s)
+ ka(f
2
αA¯α ◦ A¯α + f
2
βA¯β ◦ A¯β + f
2
γ A¯γ ◦ A¯γ + f
2
δ A¯δ ◦ A¯δ) , (149)
B¯e = (♦g ◦ A¯e + def
−1
e ♦e ◦ A¯g + dsfwf
−1
e ♦s ◦ A¯w + dwfsf
−1
e ♦w ◦ A¯s)
+ f−1e (dαfβ♦α ◦ A¯β + dβfα♦β ◦ A¯α + dγfδ♦γ ◦ A¯δ + dδfγ♦δ ◦ A¯γ)
+ kx(X¯e ◦ A¯g + X¯g ◦ A¯e) + kxfsfwf
−1
e (X¯s ◦ A¯w + X¯w ◦ A¯s)
+ kxfαfβf
−1
e (X¯α ◦ A¯β + X¯β ◦ A¯α) + kxfγfδf
−1
e (X¯γ ◦ A¯δ + X¯δ ◦ A¯γ)
+ ka(A¯e ◦ A¯g + A¯g ◦ A¯e) + kafsfwf
−1
e (A¯s ◦ A¯w + A¯w ◦ A¯s)
+ kafαfβf
−1
e (A¯α ◦ A¯β + A¯β ◦ A¯α) + kafγfδf
−1
e (A¯γ ◦ A¯δ + A¯δ ◦ A¯γ) , (150)
B¯w = (♦g ◦ A¯w + defsf
−1
w ♦e ◦ A¯s + dwf
−1
w ♦w ◦ A¯g + dsfef
−1
w ♦s ◦ A¯e)
+ f−1w (dαfγ♦α ◦ A¯γ + dβfδ♦β ◦ A¯δ + dγfα♦γ ◦ A¯α + dδfβ♦δ ◦ A¯β)
+ kx(X¯g ◦ A¯w + X¯w ◦ A¯g) + kxfefsf
−1
w (X¯e ◦ A¯s + X¯s ◦ A¯e)
+ kxfαfγf
−1
w (X¯α ◦ A¯γ + X¯γ ◦ A¯α) + kxfβfδf
−1
w (X¯β ◦ A¯δ + X¯δ ◦ A¯β)
+ ka(A¯g ◦ A¯w + A¯w ◦ A¯g) + kafefsf
−1
w (A¯e ◦ A¯s + A¯s ◦ A¯e)
+ kafαfγf
−1
w (A¯α ◦ A¯γ + A¯γ ◦ A¯α) + kafβfδf
−1
w (A¯β ◦ A¯δ + A¯δ ◦ A¯β) , (151)
B¯s = (♦g ◦ A¯s + defwf
−1
s ♦e ◦ A¯w + dwfef
−1
s ♦w ◦ A¯e + dsf
−1
s ♦s ◦ A¯g)
+ f−1s (dαfδ♦α ◦ A¯δ + dβfγ♦β ◦ A¯γ + dγfβ♦γ ◦ A¯β + dδfα♦δ ◦ A¯α)
+ kx(X¯g ◦ A¯s + X¯s ◦ A¯g) + kxfefwf
−1
s (X¯e ◦ A¯w + X¯w ◦ A¯e)
+ kxfαfδf
−1
s (X¯α ◦ A¯δ + X¯δ ◦ A¯α) + kxfβfγf
−1
s (X¯β ◦ A¯γ + X¯γ ◦ A¯β)
+ ka(A¯g ◦ A¯s + A¯s ◦ A¯g) + kafefwf
−1
s (A¯e ◦ A¯w + A¯w ◦ A¯e)
+ kafαfδf
−1
s (A¯α ◦ A¯δ + A¯δ ◦ A¯α) + kafβfγf
−1
s (A¯β ◦ A¯γ + A¯γ ◦ A¯β) , (152)
B¯α = (♦g ◦ A¯α + defβf
−1
α ♦e ◦ A¯β + dwfγf
−1
α ♦w ◦ A¯γ + dsfδf
−1
α ♦s ◦ A¯δ)
+ f−1α (dα♦α ◦ A¯g + dβfe♦β ◦ A¯e + dγfw♦γ ◦ A¯w + dδfs♦δ ◦ A¯s)
+ kx(X¯g ◦ A¯α + X¯α ◦ A¯g) + kxfefβf
−1
α (X¯e ◦ A¯β + X¯β ◦ A¯e)
+ kxfwfγf
−1
α (X¯w ◦ A¯γ + X¯γ ◦ A¯w) + kxfsfδf
−1
α (X¯s ◦ A¯δ + X¯δ ◦ A¯s)
+ ka(A¯g ◦ A¯α + A¯α ◦ A¯g) + kafefβf
−1
α (A¯e ◦ A¯β + A¯β ◦ A¯e)
+ kafwfγf
−1
α (A¯w ◦ A¯γ + A¯γ ◦ A¯w) + kafsfδf
−1
α (A¯s ◦ A¯δ + A¯δ ◦ A¯s) , (153)
B¯β = (♦g ◦ A¯β + defαf
−1
β ♦e ◦ A¯α + dwfδf
−1
β ♦w ◦ A¯δ + dsfγf
−1
β ♦s ◦ A¯γ)
+ f−1β (dαfe♦α ◦ A¯e + dβ♦β ◦ A¯g + dγfs♦γ ◦ A¯s + dδfw♦δ ◦ A¯w)
+ kx(X¯β ◦ A¯g + X¯g ◦ A¯β) + kxfefαf
−1
β (X¯e ◦ A¯α + X¯α ◦ A¯e)
+ kxfwfδf
−1
β (X¯w ◦ A¯δ + X¯δ ◦ A¯w) + kxfγfsf
−1
β (X¯γ ◦ A¯s + X¯s ◦ A¯γ)
+ ka(A¯β ◦ A¯g + A¯g ◦ A¯β) + kafefαf
−1
β (A¯e ◦ A¯α + A¯α ◦ A¯e)
+ kafwfδf
−1
β (A¯w ◦ A¯δ + A¯δ ◦ A¯w) + kafγfsf
−1
β (A¯γ ◦ A¯s + A¯s ◦ A¯γ) , (154)
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B¯γ = (♦g ◦ A¯γ + defδf
−1
γ ♦e ◦ A¯δ + dwfαf
−1
γ ♦w ◦ A¯α + dsfβf
−1
γ ♦s ◦ A¯β)
+ f−1γ (dαfw♦α ◦ A¯w + dβfs♦β ◦ A¯s + dγ♦γ ◦ A¯g + dδfe♦δ ◦ A¯e)
+ kx(X¯g ◦ A¯γ + X¯γ ◦ A¯g) + kxfefδf
−1
γ (X¯e ◦ A¯δ + X¯δ ◦ A¯e)
+ kxfαfwf
−1
γ (X¯α ◦ A¯w + X¯w ◦ A¯α) + kxfβfsf
−1
γ (X¯β ◦ A¯s + X¯s ◦ A¯β)
+ ka(A¯g ◦ A¯γ + A¯γ ◦ A¯g) + kafefδf
−1
γ (A¯e ◦ A¯δ + A¯δ ◦ A¯e)
+ kafαfwf
−1
γ (A¯α ◦ A¯w + A¯w ◦ A¯α) + kafβfsf
−1
γ (A¯β ◦ A¯s + A¯s ◦ A¯β) , (155)
B¯δ = (♦g ◦ A¯δ + defγf
−1
δ ♦e ◦ A¯γ + dwfβf
−1
δ ♦w ◦ A¯β + dsfαf
−1
δ ♦s ◦ A¯α)
+ f−1δ (dαfs♦α ◦ A¯s + dβfw♦β ◦ A¯w + dγfe♦γ ◦ A¯e + dδ♦δ ◦ A¯g)
+ kx(X¯g ◦ A¯δ + X¯δ ◦ A¯g) + kxfefγf
−1
δ (X¯e ◦ A¯γ + X¯γ ◦ A¯e)
+ kxfαfsf
−1
δ (X¯α ◦ A¯s + X¯s ◦ A¯α) + kxfβfwf
−1
δ (X¯β ◦ A¯w + X¯w ◦ A¯β)
+ ka(A¯g ◦ A¯δ + A¯δ ◦ A¯g) + kafefγf
−1
δ (A¯e ◦ A¯γ + A¯γ ◦ A¯e)
+ kafαfsf
−1
δ (A¯α ◦ A¯s + A¯s ◦ A¯α) + kafβfwf
−1
δ (A¯β ◦ A¯w + A¯w ◦ A¯β) , (156)
where the trigintaduonion compounding field strength B¯ is composed of B¯α = Σ(h¯(i+16)i(i+16)), B¯β = Σ(h¯(i+20)i(i+20)),
B¯γ = Σ(h¯(i+24)i(i+24)), and B¯δ = Σ(h¯(i+28)i(i+28)), besides the B¯g, B¯e, B¯w, and B¯s. The gauge equations are h¯0 = 0,
h¯4 = 0, h¯8 = 0, h¯12 = 0, h¯16 = 0, h¯20 = 0, h¯24 = 0, and h¯28 = 0 respectively.
The trigintaduonion compounding field is composed of eight fundamental fields, and each field is accompanied by
its seven adjoint fields. Herein the ∗ denotes the trigintaduonion conjugate.
For the gravitational strength B¯g, the linear momentum density −µggS¯gg = ♦
∗
g ◦B¯g is the source for the gravitational
field, with seven adjoint field sources for the gravitational field, that is −µgeS¯ge = ♦
∗
e ◦ B¯g, −µgwS¯gw = ♦
∗
w ◦ B¯g,
−µgsS¯gs = ♦
∗
s ◦ B¯g, −µgαS¯gα = ♦
∗
α ◦ B¯g, −µgβ S¯gβ = ♦
∗
β ◦ B¯g, −µgγ S¯gγ = ♦
∗
γ ◦ B¯g, and −µgδS¯gδ = ♦
∗
δ ◦ B¯g.
For the electromagnetic strength B¯e, the electric current density −µegS¯eg = ♦
∗
g ◦ B¯e is the source for electromagnetic
field, with seven adjoint field sources for the electromagnetic field, that is −µeeS¯ee = ♦
∗
e ◦ B¯e, −µewS¯ew = ♦
∗
w ◦ B¯e,
−µesS¯es = ♦
∗
s ◦ B¯e, −µeαS¯eα = ♦
∗
α ◦ B¯e, −µeβ S¯eβ = ♦
∗
β ◦ B¯e, −µeγ S¯eγ = ♦
∗
γ ◦ B¯e, and −µeδS¯eδ = ♦
∗
δ ◦ B¯e.
For the weak nuclear field strength B¯w, the −µwgS¯wg = ♦
∗
g ◦ B¯w is the source for weak nuclear field, with seven kinds
of adjoint field sources for the weak nuclear field, that is −µweS¯we = ♦
∗
e◦B¯w, −µwwS¯ww = ♦
∗
w◦B¯w, −µwsS¯ws = ♦
∗
s◦B¯w,
−µwαS¯wα = ♦
∗
α ◦ B¯w, −µwβS¯wβ = ♦
∗
β ◦ B¯w, −µwγS¯wγ = ♦
∗
γ ◦ B¯w, and −µwδS¯wδ = ♦
∗
δ ◦ B¯w .
For the strong nuclear field strength B¯s, the −µsgS¯sg = ♦
∗
g ◦B¯s is the source for strong nuclear field, with seven kinds
of adjoint field sources for the strong nuclear field, that is −µseS¯se = ♦
∗
e ◦ B¯s, −µswS¯sw = ♦
∗
w ◦ B¯s, −µssS¯ss = ♦
∗
s ◦ B¯s,
−µsαS¯sα = ♦
∗
α ◦ B¯s, −µsβ S¯sβ = ♦
∗
β ◦ B¯s, −µsγ S¯sγ = ♦
∗
γ ◦ B¯s, and −µsδS¯sδ = ♦
∗
δ ◦ B¯s.
For the α field strength B¯α, the −µαgS¯αg = ♦
∗
g ◦ B¯α is the source for α field, with seven kinds of adjoint field
sources for the α field, that is −µαeS¯αe = ♦
∗
e ◦ B¯α, −µαwS¯αw = ♦
∗
α ◦ B¯α, −µαsS¯αs = ♦
∗
s ◦ B¯α, −µααS¯αα = ♦
∗
α ◦ B¯α,
−µαβ S¯αβ = ♦
∗
β ◦ B¯α, −µαγ S¯αγ = ♦
∗
γ ◦ B¯α, and −µαδS¯αδ = ♦
∗
δ ◦ B¯α.
For the β field strength B¯β , the −µβgS¯βg = ♦
∗
g ◦ B¯β is the source for β field, with seven kinds of adjoint field
sources for the β field, that is −µβeS¯βe = ♦
∗
e ◦ B¯β , −µβwS¯βw = ♦
∗
β ◦ B¯β , −µβsS¯βs = ♦
∗
s ◦ B¯β , −µβαS¯βα = ♦
∗
β ◦ B¯α,
−µββS¯ββ = ♦
∗
β ◦ B¯β , −µβγS¯βγ = ♦
∗
γ ◦ B¯β , and −µβδS¯βδ = ♦
∗
δ ◦ B¯β .
For the γ field strength B¯γ , the −µγgS¯γg = ♦
∗
g ◦ B¯γ is the source for γ field, with seven kinds of adjoint field
sources for the γ field, that is −µγeS¯γe = ♦
∗
e ◦ B¯γ , −µγwS¯γw = ♦
∗
γ ◦ B¯γ , −µγsS¯γs = ♦
∗
s ◦ B¯γ , −µγαS¯γα = ♦
∗
γ ◦ B¯α,
−µγβS¯γβ = ♦
∗
γ ◦ B¯β , −µγγ S¯γγ = ♦
∗
γ ◦ B¯γ , and −µγδS¯γδ = ♦
∗
δ ◦ B¯γ .
For the δ field strength B¯δ, the −µδgS¯δg = ♦
∗
g◦B¯δ is the source for δ field, with seven kinds of adjoint field sources for
the δ field, that is −µδeS¯δe = ♦
∗
e ◦ B¯δ, −µδwS¯δw = ♦
∗
δ ◦ B¯δ, −µδsS¯δs = ♦
∗
s ◦ B¯δ, −µδαS¯δα = ♦
∗
δ ◦ B¯α, −µδβS¯δβ = ♦
∗
δ ◦ B¯β,
−µδγ S¯δγ = ♦
∗
δ ◦ B¯γ , and −µδδS¯δδ = ♦
∗
δ ◦ B¯δ.
The seven adjoint field sources, S¯ee, S¯ww, S¯ss, S¯αα, S¯ββ, S¯γγ , S¯δδ, possess the feature of the gravitational field, and
can be considered as the candidate of the dark matters.
The trigintaduonion field source S¯ satisfies
µS¯ = − (♦32 + kxX¯+ kaA¯+ kbB¯)
∗
◦ B¯
= µggS¯gg + feµgeS¯ge + fwµgw S¯gw + fsµgsS¯gs
+ fαµgαS¯gα + fβµgβ S¯gβ + fγµgγ S¯gγ + fδµgδS¯gδ
+ de(µegS¯eg + feµeeS¯ee + fwµew S¯ew + fsµesS¯es)
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+ de(fαµeαS¯eα + fβµeβ S¯eβ + fγµeγ S¯eγ + fδµeδS¯eδ)
+ dw(µwgS¯wg + feµweS¯we + fwµwwS¯ww + fsµwsS¯ws)
+ dw(fαµwαS¯wα + fβµwβS¯wβ + fγµwγ S¯wγ + fδµwδS¯wδ)
+ ds(µsgS¯sg + feµseS¯se + fwµswS¯sw + fsµssS¯ss)
+ ds(fαµsαS¯sα + fβµsβ S¯sβ + fγµsγ S¯sγ + fδµsδS¯sδ)
+ dα(µαgS¯αg + feµαeS¯αe + fwµαwS¯αw + fsµαsS¯αs)
+ dα(fαµααS¯αα + fβµαβ S¯αβ + fγµαγ S¯αγ + fδµαδS¯αδ)
+ dβ(µβgS¯βg + feµβeS¯βe + fwµβwS¯βw + fsµβsS¯βs)
+ dβ(fαµβαS¯βα + fβµββS¯ββ + fγµβγ S¯βγ + fδµβδS¯βδ)
+ dγ(µγgS¯γg + feµγeS¯γe + fwµγwS¯γw + fsµγsS¯γs)
+ dγ(fαµγαS¯γα + fβµγβ S¯γβ + fγµγγ S¯γγ + fδµγδS¯γδ)
+ dδ(µδg S¯δg + feµδeS¯δe + fwµδwS¯δw + fsµδsS¯δs)
+ dδ(fαµδαS¯δα + fβµδβ S¯δβ + fγµδγ S¯δγ + fδµδδS¯δδ)
− kxX¯
∗
◦ B¯− kaA¯
∗
◦ B¯− kbB¯
∗
◦ B¯ , (157)
where (kxX¯
∗ · B¯+ kaA¯
∗ · B¯+ kbB¯
∗ · B¯) is the field strength helicity. µ, µgg, µge, µgw, µgs, µgα, µgβ , µgγ , µgδ, µeg , µee,
µew, µes, µeα, µeβ , µeγ , µeδ, µwg, µwe, µww, µws, µwα, µwβ, µwγ , µwδ, µsg, µse, µsw, µss, µsα, µsβ , µsγ , µsδ, µαg,
µαe, µαw, µαs, µαα, µαβ , µαγ , µαδ, µβg, µβe, µβw, µβs, µβα, µββ , µβγ , µβδ, µγg, µγe, µγw, µγs, µγα, µγβ , µγγ , µγδ,
µδg, µδe, µδw, µδs, µδα, µδβ , µδγ , and µδδ are the coefficients. µgg and µeg are the gravitational and electromagnetic
constants respectively.
C. Torque
In the trigintaduonion compounding space, the linear momentum density is P¯ = µS¯/µgg = Σ(p¯iii+ fep¯(i+4)i(i+4) +
fwp¯(i+8)i(i+8) + fsp¯(i+12)i(i+12)) + fαp¯(i+16)i(i+16)) + fβ p¯(i+20)i(i+20)) + fγ p¯(i+24)i(i+24)) + fδp¯(i+28)i(i+28)), and the
angular momentum density is L¯ = R¯◦ P¯ = Σ(l¯iii+ fel¯(i+4)i(i+4)+ fw l¯(i+8)i(i+8)+ fsl¯(i+12)i(i+12))+ fα l¯(i+16)i(i+16))+
fβ l¯(i+20)i(i+20))+fγ l¯(i+24)i(i+24))+fδ l¯(i+28)i(i+28)). And the trigintaduonion torque-energy density W¯ is defined from
the angular momentum density L¯, the field strength B¯, and the field source S¯ etc,
W¯ = v0(♦32 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯) ◦ L¯ , (158)
where −w¯0/2 is the energy density, w¯/2 = Σ(w¯jij)/2 is the torque density. S¯ = Σ(s¯iii+fes¯(i+4)i(i+4)+fws¯(i+8)i(i+8)+
fss¯(i+12)i(i+12)) + fαs¯(i+16)i(i+16)) + fβ s¯(i+20)i(i+20)) + fγ s¯(i+24)i(i+24)) + fδ s¯(i+28)i(i+28)).
The scalar part w¯0 of the torque-energy density W¯ = Σ(w¯iii + few¯(i+4)i(i+4) + fww¯(i+8)i(i+8) + fsw¯(i+12)i(i+12) +
fαw¯(i+16)i(i+16)) + fβw¯(i+20)i(i+20)) + fγw¯(i+24)i(i+24)) + fδw¯(i+28)i(i+28)) is written as,
w¯0/v0 = ka
{
a¯0 l¯0 + a¯g · l¯g + f
2
e (a¯4 ◦ l¯4 + a¯e · l¯e)
}
+ ka
{
f2w(a¯8 ◦ l¯8 + a¯w · l¯w) + f
2
s (a¯12 ◦ l¯12 + a¯s · l¯s)
}
+ ka
{
f2α(a¯16 ◦ l¯16 + a¯α · l¯α) + f
2
β(a¯20 ◦ l¯20 + a¯β · l¯β)
}
+ ka
{
f2γ (a¯24 ◦ l¯24 + a¯γ · l¯γ) + f
2
δ (a¯28 ◦ l¯28 + a¯δ · l¯δ)
}
+ kx
{
x¯0 l¯0 + x¯g · l¯g + f
2
e (x¯4 ◦ l¯4 + x¯e · l¯e)
}
+ kx
{
f2w(x¯8 ◦ l¯8 + x¯w · l¯w) + f
2
s (x¯12 ◦ l¯12 + x¯s · l¯s)
}
+ kx
{
f2α(x¯16 ◦ l¯16 + x¯α · l¯α) + f
2
β(x¯20 ◦ l¯20 + x¯β · l¯β)
}
+ kx
{
f2γ (x¯24 ◦ l¯24 + x¯γ · l¯γ) + f
2
δ (x¯28 ◦ l¯28 + x¯δ · l¯δ)
}
+ ks
{
s¯0 l¯0 + s¯g · l¯g + f
2
e (s¯4 ◦ l¯4 + s¯e · l¯e)
}
+ ks
{
f2w(s¯8 ◦ l¯8 + s¯w · l¯w) + f
2
s (s¯12 ◦ l¯12 + s¯s · l¯s)
}
+ ks
{
f2α(s¯16 ◦ l¯16 + s¯α · l¯α) + f
2
β(s¯20 ◦ l¯20 + s¯β · l¯β)
}
+ ks
{
f2γ (s¯24 ◦ l¯24 + s¯γ · l¯γ) + f
2
δ (s¯28 ◦ l¯28 + s¯δ · l¯δ)
}
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+ kl
{
l¯0 l¯0 + l¯g · l¯g + f
2
e (¯l4 ◦ l¯4 + l¯e · l¯e)
}
+ kl
{
f2w (¯l8 ◦ l¯8 + l¯w · l¯w) + f
2
s (¯l12 ◦ l¯12 + l¯s · l¯s)
}
+ kl
{
f2α(¯l16 ◦ l¯16 + l¯α · l¯α) + f
2
β (¯l20 ◦ l¯20 + l¯β · l¯β)
}
+ kl
{
f2γ (¯l24 ◦ l¯24 + l¯γ · l¯γ) + f
2
δ (¯l28 ◦ l¯28 + l¯δ · l¯δ)
}
+ kb(h¯g · l¯g + f
2
e h¯e · l¯e + f
2
wh¯w · l¯w + f
2
s h¯s · l¯s)
+ kb(f
2
αh¯α · l¯α + f
2
β h¯β · l¯β + f
2
γ h¯γ · l¯γ + f
2
δ h¯δ · l¯δ)
+ ∂0 l¯0 +∇g · l¯g + defe(i4 ◦ ∂4l¯4 +∇e · l¯e)
+ dwfw(i8 ◦ ∂8l¯8 +∇w · l¯w) + dsfs(i12 ◦ ∂12l¯12 +∇s · l¯s)
+ dαfα(i16 ◦ ∂16 l¯16 +∇α · l¯α) + dβfβ(i20 ◦ ∂20 l¯20 +∇β · l¯β)
+ dγfγ(i24 ◦ ∂24l¯24 +∇γ · l¯γ) + dδfδ(i28 ◦ ∂28l¯28 +∇δ · l¯δ) , (159)
where −w¯0/2 includes the kinetic energy, the gravitational potential energy, the electric potential energy, the
magnetic potential energy, the field energy, the work, the interacting energy between the dipole moment with
the fields, and some new energy terms. l¯α = Σ(i(j+16) l¯(j+16)), l¯β = Σ(i(j+20) l¯(j+20)), l¯γ = Σ(i(j+24) l¯(j+24)),
l¯δ = Σ(i(j+28) l¯(j+28)); l¯(j+16) = i(j+16) l¯(j+16), l¯(j+20) = i(j+20) l¯(j+20), l¯(j+24) = i(j+24) l¯(j+24), l¯(j+28) = i(j+28) l¯(j+28).
x¯α = Σ(i(j+16)x¯(j+16)), x¯β = Σ(i(j+20)x¯(j+20)), x¯γ = Σ(i(j+24)x¯(j+24)), x¯δ = Σ(i(j+28)x¯(j+28)); x¯(j+16) =
i(j+16)x¯(j+16), x¯(j+20) = i(j+20)x¯(j+20), x¯(j+24) = i(j+24)x¯(j+24), x¯(j+28) = i(j+28)x¯(j+28). a¯α = Σ(i(j+16)a¯(j+16)),
a¯β = Σ(i(j+20)a¯(j+20)), a¯γ = Σ(i(j+24)a¯(j+24)), a¯δ = Σ(i(j+28)a¯(j+28)); a¯(j+16) = i(j+16)a¯(j+16), a¯(j+20) =
i(j+20)a¯(j+20), a¯(j+24) = i(j+24)a¯(j+24), a¯(j+28) = i(j+28)a¯(j+28). s¯α = Σ(i(j+16)s¯(j+16)), s¯β = Σ(i(j+20)s¯(j+20)),
s¯γ = Σ(i(j+24) s¯(j+24)), s¯δ = Σ(i(j+28)s¯(j+28)); s¯(j+16) = i(j+16)s¯(j+16), s¯(j+20) = i(j+20)s¯(j+20), s¯(j+24) =
i(j+24)s¯(j+24), s¯(j+28) = i(j+28)s¯(j+28). h¯α = Σ(i(j+16)h¯(j+16)), h¯β = Σ(i(j+20)h¯(j+20)), h¯γ = Σ(i(j+24)h¯(j+24)), h¯δ =
Σ(i(j+28)h¯(j+28)); h¯α = Σ(i(j+16)h¯(j+16)), h¯β = Σ(i(j+20)h¯(j+20)), h¯γ = Σ(i(j+24)h¯(j+24)), h¯δ = Σ(i(j+28)h¯(j+28));
∇α = Σ(i(j+16)∂(j+16)), ∇β = Σ(i(j+20)∂(j+20)), ∇γ = Σ(i(j+24)∂(j+24)), ∇δ = Σ(i(j+28)∂(j+28)).
In a similar way, expressing the torque density w¯ of W¯ as
w¯/v0 = (∂0l¯g +∇g l¯0 +∇g × l¯g) + defe(i4 ◦ ∂4l¯e +∇e ◦ l¯4 +∇e × l¯e)
+ dwfw(i8 ◦ ∂8 l¯w +∇w ◦ l¯8 +∇w × l¯w) + dsfs(i12 ◦ ∂12l¯s +∇s ◦ l¯12 +∇s × l¯s)
+ dαfα(i16 ◦ ∂16l¯α +∇α ◦ l¯16 +∇α × l¯α) + dβfβ(i20 ◦ ∂20 l¯β +∇β ◦ l¯20 +∇β × l¯β)
+ dγfγ(i24 ◦ ∂24 l¯γ +∇γ ◦ l¯24 +∇γ × l¯γ) + dδfδ(i28 ◦ ∂28 l¯δ +∇δ ◦ l¯28 +∇δ × l¯δ)
+ ka(a¯g × l¯g + a¯g l¯0 + a¯0l¯g) + kaf
2
e (a¯e × l¯e + a¯4 ◦ l¯e + a¯e ◦ l¯4)
+ kaf
2
w(a¯w × l¯w + a¯8 ◦ l¯w + a¯w ◦ l¯8) + kaf
2
s (a¯s × l¯s + a¯12 ◦ l¯s + a¯s ◦ l¯12)
+ kaf
2
α(a¯α × l¯α + a¯16 ◦ l¯α + a¯α ◦ l¯16) + kaf
2
β(a¯β × l¯β + a¯20 ◦ l¯β + a¯β ◦ l¯20)
+ kaf
2
γ (a¯γ × l¯γ + a¯24 ◦ l¯γ + a¯γ ◦ l¯24) + kaf
2
δ (a¯δ × l¯δ + a¯28 ◦ l¯δ + a¯δ ◦ l¯28)
+ kx(x¯g × l¯g + x¯g l¯0 + x¯0l¯g) + kxf
2
e (x¯e × l¯e + x¯4 ◦ l¯e + x¯e ◦ l¯4)
+ kxf
2
w(x¯w × l¯w + x¯8 ◦ l¯w + x¯w ◦ l¯8) + kxf
2
s (x¯s × l¯s + x¯12 ◦ l¯s + x¯s ◦ l¯12)
+ kxf
2
α(x¯α × l¯α + x¯16 ◦ l¯α + x¯α ◦ l¯16) + kxf
2
β(x¯β × l¯β + x¯20 ◦ l¯β + x¯β ◦ l¯20)
+ kxf
2
γ (x¯γ × l¯γ + x¯24 ◦ l¯γ + x¯γ ◦ l¯24) + kxf
2
δ (x¯δ × l¯δ + x¯28 ◦ l¯δ + x¯δ ◦ l¯28)
+ ks(s¯g × l¯g + s¯g l¯0 + s¯0l¯g) + ksf
2
e (s¯e × l¯e + s¯4 ◦ l¯e + s¯e ◦ l¯4)
+ ksf
2
w(s¯w × l¯w + s¯8 ◦ l¯w + s¯w ◦ l¯8) + ksf
2
s (s¯s × l¯s + s¯12 ◦ l¯s + s¯s ◦ l¯12)
+ ksf
2
α(s¯α × l¯α + s¯16 ◦ l¯α + s¯α ◦ l¯16) + ksf
2
β(s¯β × l¯β + s¯20 ◦ l¯β + s¯β ◦ l¯20)
+ ksf
2
γ (s¯γ × l¯γ + s¯24 ◦ l¯γ + s¯γ ◦ l¯24) + ksf
2
δ (s¯δ × l¯δ + s¯28 ◦ l¯δ + s¯δ ◦ l¯28)
+ kb(h¯g × l¯g + h¯g l¯0) + kbf
2
e (h¯e × l¯e + h¯e ◦ l¯4)
+ kbf
2
w(h¯w × l¯w + h¯w ◦ l¯8) + kbf
2
s (h¯s × l¯s + h¯s ◦ l¯12)
+ kbf
2
α(h¯α × l¯α + h¯α ◦ l¯16) + kbf
2
β(h¯β × l¯β + h¯β ◦ l¯20)
+ kbf
2
γ (h¯γ × l¯γ + h¯γ ◦ l¯24) + kbf
2
δ (h¯δ × l¯δ + h¯δ ◦ l¯28) + 2kl l¯0l¯g , (160)
where the above includes some new terms of the torque density.
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D. Force
In the trigintaduonion compounding space with the operator (♦32 + kxX¯ + kaA¯ + kbB¯ + ksS¯ + klL¯ + kwW¯), the
trigintaduonion force-power density N¯ is defined as follows,
N¯ = v0(♦32 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
∗
◦ W¯ , (161)
where the power density is f¯0 = −n¯0/(2v0), and the vectorial part is n¯ = Σ(n¯jij). N¯ = Σ(n¯iii + fen¯(i+4)i(i+4) +
fwn¯(i+8)i(i+8) + fsn¯(i+12)i(i+12)) + fαn¯(i+16)i(i+16)) + fβn¯(i+20)i(i+20)) + fγ n¯(i+24)i(i+24)) + fδn¯(i+28)i(i+28)).
Further expressing the scalar n¯0 of the trigintaduonion force-power density N¯ as
n¯0/v0 = ka
{
a¯0w¯0 + a¯
∗
g · w¯g + f
2
e (a¯
∗
4 ◦ w¯4 + a¯
∗
e · w¯e)
}
+ ka
{
f2w(a¯
∗
8 ◦ w¯8 + a¯
∗
w · w¯w) + f
2
s (a¯
∗
12 ◦ w¯12 + a¯
∗
s · w¯s)
}
+ ka
{
f2α(a¯
∗
16 ◦ w¯16 + a¯
∗
α · w¯α) + f
2
β(a¯
∗
20 ◦ w¯20 + a¯
∗
β · w¯β)
}
+ ka
{
f2γ (a¯
∗
24 ◦ w¯24 + a¯
∗
γ · w¯γ) + f
2
δ (a¯
∗
28 ◦ w¯28 + a¯
∗
δ · w¯δ)
}
+ kx
{
x¯0w¯0 + x¯
∗
g · w¯g + f
2
e (x¯
∗
4 ◦ w¯4 + x¯
∗
e · w¯e)
}
+ kx
{
f2w(x¯
∗
8 ◦ w¯8 + x¯
∗
w · w¯w) + f
2
s (x¯
∗
12 ◦ w¯12 + x¯
∗
s · w¯s)
}
+ kx
{
f2α(x¯
∗
16 ◦ w¯16 + x¯
∗
α · w¯α) + f
2
β(x¯
∗
20 ◦ w¯20 + x¯
∗
β · w¯β)
}
+ kx
{
f2γ (x¯
∗
24 ◦ w¯24 + x¯
∗
γ · w¯γ) + f
2
δ (x¯
∗
28 ◦ w¯28 + x¯
∗
δ · w¯δ)
}
+ ks
{
s¯0w¯0 + s¯
∗
g · w¯g + f
2
e (s¯
∗
4 ◦ w¯4 + s¯
∗
e · w¯e)
}
+ ks
{
f2w(s¯
∗
8 ◦ w¯8 + s¯
∗
w · w¯w) + f
2
s (s¯
∗
12 ◦ w¯12 + s¯
∗
s · w¯s)
}
+ ks
{
f2α(s¯
∗
16 ◦ w¯16 + s¯
∗
α · w¯α) + f
2
β(s¯
∗
20 ◦ w¯20 + s¯
∗
β · w¯β)
}
+ ks
{
f2γ (s¯
∗
24 ◦ w¯24 + s¯
∗
γ · w¯γ) + f
2
δ (s¯
∗
28 ◦ w¯28 + s¯
∗
δ · w¯δ)
}
+ kl
{
l¯0w¯0 + l¯
∗
g · w¯g + f
2
e (¯l
∗
4 ◦ w¯4 + l¯
∗
e · w¯e)
}
+ kl
{
f2w (¯l
∗
8 ◦ w¯8 + l¯
∗
w · w¯w) + f
2
s (¯l
∗
12 ◦ w¯12 + l¯
∗
s · w¯s)
}
+ kl
{
f2α(¯l
∗
16 ◦ w¯16 + l¯
∗
α · w¯α) + f
2
β (¯l
∗
20 ◦ w¯20 + l¯
∗
β · w¯β)
}
+ kl
{
f2γ (¯l
∗
24 ◦ w¯24 + l¯
∗
γ · w¯γ) + f
2
δ (¯l
∗
28 ◦ w¯28 + l¯
∗
δ · w¯δ)
}
+ kw
{
w¯0w¯0 + w¯
∗
g · w¯g + f
2
e (w¯
∗
4 ◦ w¯4 + w¯
∗
e · w¯e)
}
+ kw
{
f2w(w¯
∗
8 ◦ w¯8 + w¯
∗
w · w¯w) + f
2
s (w¯
∗
12 ◦ w¯12 + w¯
∗
s · w¯s)
}
+ kw
{
f2α(w¯
∗
16 ◦ w¯16 + w¯
∗
α · w¯α) + f
2
β(w¯
∗
20 ◦ w¯20 + w¯
∗
β · w¯β)
}
+ kw
{
f2γ (w¯
∗
24 ◦ w¯24 + w¯
∗
γ · w¯γ) + f
2
δ (w¯
∗
28 ◦ w¯28 + w¯
∗
δ · w¯δ)
}
+ kb(h¯
∗
g · w¯g + f
2
e h¯
∗
e · w¯e + f
2
wh¯
∗
w · w¯w + f
2
s h¯
∗
s · w¯s)
+ kb(f
2
αh¯
∗
α · w¯α + f
2
βh¯
∗
β · w¯β + f
2
γ h¯
∗
γ · w¯γ + f
2
δ h¯
∗
δ · w¯δ)
+ ∂0w¯0 +∇
∗
g · w¯g + defe(i
∗
4 ◦ ∂4w¯4 +∇
∗
e · w¯e)
+ dwfw(i
∗
8 ◦ ∂8w¯8 +∇
∗
w · w¯w) + dsfs(i
∗
12 ◦ ∂12w¯12 +∇
∗
s · w¯s)
+ dαfα(i
∗
16 ◦ ∂16w¯16 +∇
∗
α · w¯α) + dβfβ(i
∗
20 ◦ ∂20w¯20 +∇
∗
β · w¯β)
+ dγfγ(i
∗
24 ◦ ∂24w¯24 +∇
∗
γ · w¯γ) + dδfδ(i
∗
28 ◦ ∂28w¯28 +∇
∗
δ · w¯δ) . (162)
In the eight fields with the trigintaduonion operator (♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯), the force density
f¯ = −n¯/(2v0) can be defined from the vectorial part n¯ of the trigintaduonion force-power density N¯ ,
w¯/v0 = (∂0w¯g +∇
∗
gw¯0 +∇
∗
g × w¯g) + defe(i
∗
4 ◦ ∂4w¯e +∇
∗
e ◦ w¯4 +∇
∗
e × w¯e)
+ dwfw(i
∗
8 ◦ ∂8w¯w +∇
∗
w ◦ w¯8 +∇
∗
w × w¯w) + dsfs(i
∗
12 ◦ ∂12w¯s +∇
∗
s ◦ w¯12 +∇
∗
s × w¯s)
+ dαfα(i
∗
16 ◦ ∂16w¯α +∇
∗
α ◦ w¯16 +∇
∗
α × w¯α) + dβfβ(i
∗
20 ◦ ∂20w¯β +∇
∗
β ◦ w¯20 +∇
∗
β × w¯β)
+ dγfγ(i
∗
24 ◦ ∂24w¯γ +∇
∗
γ ◦ w¯24 +∇
∗
γ × w¯γ) + dδfδ(i
∗
28 ◦ ∂28w¯δ +∇
∗
δ ◦ w¯28 +∇
∗
δ × w¯δ)
+ ka(a¯
∗
g × w¯g + a¯
∗
gw¯0 + a¯0w¯g) + kaf
2
e (a¯
∗
e × w¯e + a¯
∗
4 ◦ w¯e + a¯
∗
e ◦ w¯4)
+ kaf
2
w(a¯
∗
w × w¯w + a¯
∗
8 ◦ w¯w + a¯
∗
w ◦ w¯8) + kaf
2
s (a¯
∗
s × w¯s + a¯
∗
12 ◦ w¯s + a¯
∗
s ◦ w¯12)
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+ kaf
2
α(a¯
∗
α × w¯α + a¯
∗
16 ◦ w¯α + a¯
∗
α ◦ w¯16) + kaf
2
β(a¯
∗
β × w¯β + a¯
∗
20 ◦ w¯β + a¯
∗
β ◦ w¯20)
+ kaf
2
γ (a¯
∗
γ × w¯γ + a¯
∗
24 ◦ w¯γ + a¯
∗
γ ◦ w¯24) + kaf
2
δ (a¯
∗
δ × w¯δ + a¯
∗
28 ◦ w¯δ + a¯
∗
δ ◦ w¯28)
+ kx(x¯
∗
g × w¯g + x¯
∗
gw¯0 + x¯0w¯g) + kxf
2
e (x¯
∗
e × w¯e + x¯
∗
4 ◦ w¯e + x¯
∗
e ◦ w¯4)
+ kxf
2
w(x¯
∗
w × w¯w + x¯
∗
8 ◦ w¯w + x¯
∗
w ◦ w¯8) + kxf
2
s (x¯
∗
s × w¯s + x¯
∗
12 ◦ w¯s + x¯
∗
s ◦ w¯12)
+ kxf
2
α(x¯
∗
α × w¯α + x¯
∗
16 ◦ w¯α + x¯
∗
α ◦ w¯16) + kxf
2
β(x¯
∗
β × w¯β + x¯
∗
20 ◦ w¯β + x¯
∗
β ◦ w¯20)
+ kxf
2
γ (x¯
∗
γ × w¯γ + x¯
∗
24 ◦ w¯γ + x¯
∗
γ ◦ w¯24) + kxf
2
δ (x¯
∗
δ × w¯δ + x¯
∗
28 ◦ w¯δ + x¯
∗
δ ◦ w¯28)
+ ks(s¯
∗
g × w¯g + s¯
∗
gw¯0 + s¯0w¯g) + ksf
2
e (s¯
∗
e × w¯e + s¯
∗
4 ◦ w¯e + s¯
∗
e ◦ w¯4)
+ ksf
2
w(s¯
∗
w × w¯w + s¯
∗
8 ◦ w¯w + s¯
∗
w ◦ w¯8) + ksf
2
s (s¯
∗
s × w¯s + s¯
∗
12 ◦ w¯s + s¯
∗
s ◦ w¯12)
+ ksf
2
α(s¯
∗
α × w¯α + s¯
∗
16 ◦ w¯α + s¯
∗
α ◦ w¯16) + ksf
2
β(s¯
∗
β × w¯β + s¯
∗
20 ◦ w¯β + s¯
∗
β ◦ w¯20)
+ ksf
2
γ (s¯
∗
γ × w¯γ + s¯
∗
24 ◦ w¯γ + s¯
∗
γ ◦ w¯24) + ksf
2
δ (s¯
∗
δ × w¯δ + s¯
∗
28 ◦ w¯δ + s¯
∗
δ ◦ w¯28)
+ kl(¯l
∗
g × w¯g + l¯
∗
gw¯0 + s¯0w¯g) + ksf
2
e (¯l
∗
e × w¯e + l¯
∗
4 ◦ w¯e + l¯
∗
e ◦ w¯4)
+ klf
2
w (¯l
∗
w × w¯w + l¯
∗
8 ◦ w¯w + l¯
∗
w ◦ w¯8) + ksf
2
s (¯l
∗
s × w¯s + l¯
∗
12 ◦ w¯s + l¯
∗
s ◦ w¯12)
+ klf
2
α(¯l
∗
α × w¯α + l¯
∗
16 ◦ w¯α + l¯
∗
α ◦ w¯16) + ksf
2
β (¯l
∗
β × w¯β + l¯
∗
20 ◦ w¯β + l¯
∗
β ◦ w¯20)
+ klf
2
γ (¯l
∗
γ × w¯γ + l¯
∗
24 ◦ w¯γ + l¯
∗
γ ◦ w¯24) + ksf
2
δ (¯l
∗
δ × w¯δ + l¯
∗
28 ◦ w¯δ + l¯
∗
δ ◦ w¯28)
+ kb(h¯
∗
g × w¯g + h¯
∗
gw¯0) + kbf
2
e (h¯
∗
e × w¯e + h¯
∗
e ◦ w¯4)
+ kbf
2
w(h¯
∗
w × w¯w + h¯
∗
w ◦ w¯8) + kbf
2
s (h¯
∗
s × w¯s + h¯
∗
s ◦ w¯12)
+ kbf
2
α(h¯
∗
α × w¯α + h¯
∗
α ◦ w¯16) + kbf
2
β(h¯
∗
β × w¯β + h¯
∗
β ◦ w¯20)
+ kbf
2
γ (h¯
∗
γ × w¯γ + h¯
∗
γ ◦ w¯24) + kbf
2
δ (h¯
∗
δ × w¯δ + h¯
∗
δ ◦ w¯28) , (163)
where the force density f¯ includes that of the inertial force, gravitational force, gradient of energy, Lorentz force, and
the interacting force between the dipole moment with the fields, as well as the unknown forces regarding the α, β, γ,
and δ fields etc. The above force is much more complex than that in the classical field theory, and includes more new
force terms related to the gradient of energy, the field potential, and the angular velocity etc.
E. Helicity
In the compounding space with the trigintaduonion operator (♦32 + kxX¯ + kaA¯ + kbB¯ + ksS¯ + klL¯ + kwW¯), some
helicity terms [42] will impact the mass continuity equation and the charge continuity equation etc.
1. Field strength helicity
The trigintaduonion linear momentum density, P¯ = µS¯/µgg, is defined from the trigintaduonion field source S¯ in
the compounding space with the operator (♦32 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯),
P¯ = P¯g + feP¯e + fwP¯w + fsP¯s + fαP¯α + fβP¯β + fγP¯γ + fδP¯δ , (164)
where P¯α = Σ(p¯(i+16)i(i+16)), P¯β = Σ(p¯(i+20)i(i+20)), P¯γ = Σ(p¯(i+24)i(i+24)), P¯δ = Σ(p¯(i+28)i(i+28)). And ♦32 · R¯ is the
scalar part of ♦32 ◦ R¯. p¯0 = m̂v0, m̂ = m(v¯
δ
0/v¯0)+△m, v¯
δ
0 = v0♦32 · R¯, △m = −(kxX¯
∗ · B¯+kaA¯
∗ · B¯+kbB¯
∗ · B¯)/(v¯0µgg).
According to the trigintaduonion features, the gravitational mass density m̂ is one reserved scalar in the above, and
is changed with the field strength (B¯g, B¯e, B¯w, B¯s, B¯α, B¯β , B¯γ , and B¯δ), the field potential (A¯g, A¯e, A¯w, A¯s A¯α, A¯β ,
A¯γ , and A¯δ), the helicity (kxX¯
∗ · B¯+ kaA¯
∗ · B¯+ kbB¯
∗ · B¯), and the trigintaduonion (X¯g, X¯e, X¯w, X¯s, X¯α, X¯β, X¯γ , X¯δ)
etc in the trigintaduonion compounding space. The helicity includes the magnetic helicity a¯e · h¯e, the kinetic helicity
v¯g · u¯g, the cross helicity v¯e · h¯e, and the new helicity term a¯e · u¯e etc.
Similarly to the S¯ and the L¯, the trigintaduonion angular momentum W¯ has not an influence on the field strength
helicity in the trigintaduonion compounding space with the operator (♦32 + kxX¯ + kaA¯ + kbB¯ + ksS¯ + klL¯ + kwW¯).
Therefore we can not distinguish this field from some fields with other trigintaduonion operators, according to the
viewpoint of the field strength helicity.
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TABLE XIX: Some field sources of the eight fields with their adjoint fields.
sources fields descriptions characterictics
S¯gg gravitational field linear momentum gravitation
S¯ee electromagnetic adjoint field adjoint electric current gravitation
S¯ww weak nuclear adjoint field adjoint weak nuclear current gravitation
S¯ss strong nuclear adjoint field adjoint strong nuclear current gravitation
S¯αα α adjoint field adjoint α current gravitation
S¯ββ β adjoint field adjoint β current gravitation
S¯γγ γ adjoint field adjoint γ current gravitation
S¯δδ δ adjoint field adjoint δ current gravitation
S¯ge gravitational adjoint field adjoint linear momentum electromagnetism
S¯eg electromagnetic field electric current electromagnetism
S¯ws weak nuclear adjoint field adjoint weak nuclear current electromagnetism
S¯sw strong nuclear adjoint field adjoint strong nuclear current electromagnetism
S¯αβ α adjoint field adjoint α current electromagnetism
S¯βα β adjoint field adjoint β current electromagnetism
S¯γδ γ adjoint field adjoint γ current electromagnetism
S¯δγ δ adjoint field adjoint δ current electromagnetism
S¯gw gravitational adjoint field adjoint linear momentum weak nuclear force
S¯es electromagnetic adjoint field adjoint electric current weak nuclear force
S¯wg weak nuclear field weak nuclear current weak nuclear force
S¯se strong nuclear adjoint field adjoint strong nuclear current weak nuclear force
S¯αγ α adjoint field adjoint α current weak nuclear force
S¯βδ β adjoint field adjoint β current weak nuclear force
S¯γα γ adjoint field adjoint γ current weak nuclear force
S¯δβ δ adjoint field adjoint δ current weak nuclear force
S¯gs gravitational adjoint field adjoint linear momentum strong nuclear force
S¯ew electromagnetic adjoint field adjoint electric current strong nuclear force
S¯we weak nuclear adjoint field adjoint weak nuclear current strong nuclear force
S¯sg strong nuclear field strong nuclear current strong nuclear force
S¯αδ α adjoint field adjoint α current strong nuclear force
S¯βγ β adjoint field adjoint β current strong nuclear force
S¯γβ γ adjoint field adjoint γ current strong nuclear force
S¯δα δ adjoint field adjoint δ current strong nuclear force
2. Field source helicity
The part force density F¯ is one part of the trigintaduonion compounding force-power density N¯, and is defined from
the trigintaduonion linear momentum density P¯ ,
F¯ = v0(♦32 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
∗
◦ P¯ , (165)
where the part force density includes that of the inertial force, gravitational force, Lorentz force, and the interacting
force between the fields with the dipoles etc.
The scalar f¯0 of F¯ is written as,
n¯0/v0 = ka
{
a¯0p¯0 + a¯
∗
g · p¯g + f
2
e (a¯
∗
4 ◦ p¯4 + a¯
∗
e · p¯e)
}
+ ka
{
f2w(a¯
∗
8 ◦ p¯8 + a¯
∗
w · p¯w) + f
2
s (a¯
∗
12 ◦ p¯12 + a¯
∗
s · p¯s)
}
+ ka
{
f2α(a¯
∗
16 ◦ p¯16 + a¯
∗
α · p¯α) + f
2
β(a¯
∗
20 ◦ p¯20 + a¯
∗
β · p¯β)
}
+ ka
{
f2γ (a¯
∗
24 ◦ p¯24 + a¯
∗
γ · p¯γ) + f
2
δ (a¯
∗
28 ◦ p¯28 + a¯
∗
δ · p¯δ)
}
+ kx
{
x¯0p¯0 + x¯
∗
g · p¯g + f
2
e (x¯
∗
4 ◦ p¯4 + x¯
∗
e · p¯e)
}
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+ kx
{
f2w(x¯
∗
8 ◦ p¯8 + x¯
∗
w · p¯w) + f
2
s (x¯
∗
12 ◦ p¯12 + x¯
∗
s · p¯s)
}
+ kx
{
f2α(x¯
∗
16 ◦ p¯16 + x¯
∗
α · p¯α) + f
2
β(x¯
∗
20 ◦ p¯20 + x¯
∗
β · p¯β)
}
+ kx
{
f2γ (x¯
∗
24 ◦ p¯24 + x¯
∗
γ · p¯γ) + f
2
δ (x¯
∗
28 ◦ p¯28 + x¯
∗
δ · p¯δ)
}
+ ks
{
s¯0p¯0 + s¯
∗
g · p¯g + f
2
e (s¯
∗
4 ◦ p¯4 + s¯
∗
e · p¯e)
}
+ ks
{
f2w(s¯
∗
8 ◦ p¯8 + s¯
∗
w · p¯w) + f
2
s (s¯
∗
12 ◦ p¯12 + s¯
∗
s · p¯s)
}
+ ks
{
f2α(s¯
∗
16 ◦ p¯16 + s¯
∗
α · p¯α) + f
2
β(s¯
∗
20 ◦ p¯20 + s¯
∗
β · p¯β)
}
+ ks
{
f2γ (s¯
∗
24 ◦ p¯24 + s¯
∗
γ · p¯γ) + f
2
δ (s¯
∗
28 ◦ p¯28 + s¯
∗
δ · p¯δ)
}
+ kl
{
l¯0p¯0 + l¯
∗
g · p¯g + f
2
e (¯l
∗
4 ◦ p¯4 + l¯
∗
e · p¯e)
}
+ kl
{
f2w (¯l
∗
8 ◦ p¯8 + l¯
∗
w · p¯w) + f
2
s (¯l
∗
12 ◦ p¯12 + l¯
∗
s · p¯s)
}
+ kl
{
f2α(¯l
∗
16 ◦ p¯16 + l¯
∗
α · p¯α) + f
2
β (¯l
∗
20 ◦ p¯20 + l¯
∗
β · p¯β)
}
+ kl
{
f2γ (¯l
∗
24 ◦ p¯24 + l¯
∗
γ · p¯γ) + f
2
δ (¯l
∗
28 ◦ p¯28 + l¯
∗
δ · p¯δ)
}
+ kw
{
w¯0p¯0 + w¯
∗
g · p¯g + f
2
e (w¯
∗
4 ◦ p¯4 + w¯
∗
e · p¯e)
}
+ kw
{
f2w(w¯
∗
8 ◦ p¯8 + w¯
∗
w · p¯w) + f
2
s (w¯
∗
12 ◦ p¯12 + w¯
∗
s · p¯s)
}
+ kw
{
f2α(w¯
∗
16 ◦ p¯16 + w¯
∗
α · p¯α) + f
2
β(w¯
∗
20 ◦ p¯20 + w¯
∗
β · p¯β)
}
+ kw
{
f2γ (w¯
∗
24 ◦ p¯24 + w¯
∗
γ · p¯γ) + f
2
δ (w¯
∗
28 ◦ p¯28 + w¯
∗
δ · p¯δ)
}
+ kb(h¯
∗
g · p¯g + f
2
e h¯
∗
e · p¯e + f
2
wh¯
∗
w · p¯w + f
2
s h¯
∗
s · p¯s)
+ kb(f
2
αh¯
∗
α · p¯α + f
2
β h¯
∗
β · p¯β + f
2
γ h¯
∗
γ · p¯γ + f
2
δ h¯
∗
δ · p¯δ)
+ ∂0p¯0 +∇
∗
g · p¯g + defe(i
∗
4 ◦ ∂4p¯4 +∇
∗
e · p¯e)
+ dwfw(i
∗
8 ◦ ∂8p¯8 +∇
∗
w · p¯w) + dsfs(i
∗
12 ◦ ∂12p¯12 +∇
∗
s · p¯s)
+ dαfα(i
∗
16 ◦ ∂16p¯16 +∇
∗
α · p¯α) + dβfβ(i
∗
20 ◦ ∂20p¯20 +∇
∗
β · p¯β)
+ dγfγ(i
∗
24 ◦ ∂24p¯24 +∇
∗
γ · p¯γ) + dδfδ(i
∗
28 ◦ ∂28p¯28 +∇
∗
δ · p¯δ) (166)
where the field source helicity in the fields with the trigintaduonion operator (♦32+kxX¯+kaA¯+kbB¯+ksS¯+klL¯+kwW¯)
covers the (a¯∗8 ◦ p¯8 + a¯
∗
w · p¯w), (a¯
∗
12 ◦ p¯12 + a¯
∗
s · p¯s), (x¯
∗
16 ◦ p¯16 + x¯
∗
α · p¯α), (x¯
∗
20 ◦ p¯20 + x¯
∗
β · p¯β), (s¯
∗
24 ◦ p¯24 + s¯
∗
γ · p¯γ),
(s¯∗28◦p¯28+s¯
∗
δ ·p¯δ), (¯l
∗
24◦p¯24+ l¯
∗
γ ·p¯γ), (¯l
∗
28◦p¯28+ l¯
∗
δ ·p¯δ), besides the (a¯
∗
g ·p¯g+a¯0p¯0), (a¯
∗
e ·p¯e+a¯
∗
4◦p¯4), (h¯
∗
g ·p¯g+f
2
e h¯
∗
e ·p¯e),
(x¯∗g ·p¯g+x¯0p¯0), (x¯
∗
e ·p¯e+x¯
∗
4◦p¯4), (s¯
∗
g ·p¯g+ s¯0p¯0), (s¯
∗
e ·p¯e+ s¯
∗
4◦p¯4), (¯l
∗
g ·p¯g+ l¯0p¯0), (¯l
∗
e ·p¯e+ l¯
∗
4◦p¯4), and (w¯
∗
e ·p¯e+w¯
∗
4◦p¯4)
etc. And that they include the magnetic helicity ae · he, the kinetic helicity ve · ue, the cross helicity ve · he, the
current helicity h∗e · pe, and some other new helicity terms etc. p¯α = Σ(i(j+16)p¯(j+16)), p¯β = Σ(i(j+20)p¯(j+20)),
p¯γ = Σ(i(j+24)p¯(j+24)), p¯δ = Σ(i(j+28)p¯(j+28)); p¯16 = i16p¯16, p¯20 = i20p¯20, p¯24 = i24p¯24, p¯28 = i28p¯28.
The above is the mass continuity equation in the eight fields with the trigintaduonion operator (♦32 + kxX¯+ kaA¯+
kbB¯+ ksS¯+ klL¯ + kwW¯), and is effected by the speed of light v¯0 and some helicities of the rotational objects and of
the spinning charged objects.
A new physical quantity F¯q can be defined from the part force density F¯,
F¯q = F¯ ◦ i
∗
4 . (167)
The scalar part F¯0 of the F¯q is written as,
F¯0/v0 = fe(∂0p¯4 +∇
∗
g · p¯e) ◦ i
∗
4 + de(i
∗
4 ◦ ∂4p¯0 +∇
∗
e · p¯g) ◦ i
∗
4
+ dwfs(i
∗
8 ◦ ∂8p¯12 +∇
∗
w · p¯s) ◦ i
∗
4 + dsfw(i
∗
12 ◦ ∂12p¯8 +∇
∗
s · p¯w) ◦ i
∗
4
+ dαfβ(i
∗
16 ◦ ∂16p¯20 +∇
∗
α · p¯β) ◦ i
∗
4 + dβfα(i
∗
20 ◦ ∂20p¯16 +∇
∗
β · p¯α) ◦ i
∗
4
+ dγfδ(i
∗
24 ◦ ∂24p¯28 +∇
∗
γ · p¯δ) ◦ i
∗
4 + dδfγ(i
∗
28 ◦ ∂28p¯24 +∇
∗
δ · p¯γ) ◦ i
∗
4
+ kbfe(h¯
∗
g · p¯e + h¯
∗
e · p¯g) ◦ i
∗
4 + kbfwfs(h¯
∗
w · p¯s + h¯
∗
s · p¯w) ◦ i
∗
4
+ kbfαfβ(h¯
∗
α · p¯β + h¯
∗
β · p¯α) ◦ i
∗
4 + kbfγfδ(h¯
∗
γ · p¯δ + h¯
∗
δ · p¯γ) ◦ i
∗
4
+ kafe(a¯
∗
g · p¯e + a¯0p¯4) ◦ i
∗
4 + kafe(a¯
∗
e · p¯g + p¯0a¯
∗
4) ◦ i
∗
4
+ kafsfw(a¯
∗
w · p¯s + a¯
∗
8 · p¯12) ◦ i
∗
4 + kafsfw(a¯
∗
s · p¯w + a¯
∗
12 · p¯8) ◦ i
∗
4
+ kafβfα(a¯
∗
α · p¯β + a¯
∗
16 · p¯20) ◦ i
∗
4 + kafβfα(a¯
∗
β · p¯α + a¯
∗
20 · p¯16) ◦ i
∗
4
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+ kafδfγ(a¯
∗
γ · p¯δ + a¯
∗
24 · p¯28) ◦ i
∗
4 + kafδfγ(a¯
∗
δ · p¯γ + a¯
∗
28 · p¯24) ◦ i
∗
4
+ kxfe(x¯
∗
g · p¯e + x¯0p¯4) ◦ i
∗
4 + kxfe(x¯
∗
e · p¯g + p¯0x¯
∗
4) ◦ i
∗
4
+ kxfsfw(x¯
∗
w · p¯s + x¯
∗
8 · p¯12) ◦ i
∗
4 + kxfsfw(x¯
∗
s · p¯w + x¯
∗
12 · p¯8) ◦ i
∗
4
+ kxfβfα(x¯
∗
α · p¯β + x¯
∗
16 · p¯20) ◦ i
∗
4 + kxfβfα(x¯
∗
β · p¯α + x¯
∗
20 · p¯16) ◦ i
∗
4
+ kxfδfγ(x¯
∗
γ · p¯δ + x¯
∗
24 · p¯28) ◦ i
∗
4 + kxfδfγ(x¯
∗
δ · p¯γ + x¯
∗
28 · p¯24) ◦ i
∗
4
+ ksfe(s¯
∗
g · p¯e + s¯0p¯4) ◦ i
∗
4 + ksfe(s¯
∗
e · p¯g + p¯0s¯
∗
4) ◦ i
∗
4
+ ksfsfw(s¯
∗
w · p¯s + s¯
∗
8 · p¯12) ◦ i
∗
4 + ksfsfw(s¯
∗
s · p¯w + s¯
∗
12 · p¯8) ◦ i
∗
4
+ ksfβfα(s¯
∗
α · p¯β + s¯
∗
16 · p¯20) ◦ i
∗
4 + ksfβfα(s¯
∗
β · p¯α + s¯
∗
20 · p¯16) ◦ i
∗
4
+ ksfδfγ(s¯
∗
γ · p¯δ + s¯
∗
24 · p¯28) ◦ i
∗
4 + ksfδfγ(s¯
∗
δ · p¯γ + s¯
∗
28 · p¯24) ◦ i
∗
4
+ klfe(¯l
∗
g · p¯e + l¯0p¯4) ◦ i
∗
4 + klfe(¯l
∗
e · p¯g + p¯0l¯
∗
4) ◦ i
∗
4
+ klfsfw (¯l
∗
w · p¯s + l¯
∗
8 · p¯12) ◦ i
∗
4 + klfsfw (¯l
∗
s · p¯w + l¯
∗
12 · p¯8) ◦ i
∗
4
+ klfβfα(¯l
∗
α · p¯β + l¯
∗
16 · p¯20) ◦ i
∗
4 + klfβfα(¯l
∗
β · p¯α + l¯
∗
20 · p¯16) ◦ i
∗
4
+ klfδfγ (¯l
∗
γ · p¯δ + l¯
∗
24 · p¯28) ◦ i
∗
4 + klfδfγ (¯l
∗
δ · p¯γ + l¯
∗
28 · p¯24) ◦ i
∗
4
+ kwfe(w¯
∗
g · p¯e + w¯0p¯4) ◦ i
∗
4 + kwfe(w¯
∗
e · p¯g + p¯0w¯
∗
4) ◦ i
∗
4
+ kwfsfw(w¯
∗
w · p¯s + w¯
∗
8 · p¯12) ◦ i
∗
4 + kwfsfw(w¯
∗
s · p¯w + w¯
∗
12 · p¯8) ◦ i
∗
4
+ kwfβfα(w¯
∗
α · p¯β + w¯
∗
16 · p¯20) ◦ i
∗
4 + kwfβfα(w¯
∗
β · p¯α + w¯
∗
20 · p¯16) ◦ i
∗
4
+ kwfδfγ(w¯
∗
γ · p¯δ + w¯
∗
24 · p¯28) ◦ i
∗
4 + kwfδfγ(w¯
∗
δ · p¯γ + w¯
∗
28 · p¯24) ◦ i
∗
4 , (168)
where the above helicity terms encompass that in the gravitational field, the electromagnetic field, the weak nuclear
field, and the strong nuclear field with their adjoint fields, as well as that in the α, β, γ, and δ fields.
In the compounding space with the trigintaduonion operator (♦32+kxX¯+kaA¯+kbB¯+ksS¯+klL¯+kwW¯), the above
is the charge continuity equation in the presence of the gravitational field, the electromagnetic field, the weak nuclear
field, and the strong nuclear field with their adjoint fields when the scalar part F0 = 0. Similarly to the case with the
sedenion operator (♦16 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯), this charge continuity equation is the invariant under
the trigintaduonion coordinate transformation, meanwhile the X¯, A¯, B¯, S¯, L¯, and W¯ of the above eight fields have the
influence on the charge continuity equation, although the impacts are usually tiny when the fields are overlooked.
In the same way, the above physical quantities will influence the continuity equations in the definitions (F¯ ◦ i∗8) and
(F¯ ◦ i∗12), and more continuity equations in the α, β, γ, and δ fields.
TABLE XX: Some physical quantities of the eight fields with their adjoint fields in the trigintaduonion space.
definitions meanings
X¯ field quantity
A¯ = (♦32 + kxX¯) ◦ X¯ field potential
B¯ = (♦32 + kxX¯+ kaA¯) ◦ A¯ field strength
R¯ radius vector
V¯ = v0♦32 ◦ R¯ velocity
U¯ = ♦32 ◦ V¯ velocity curl
µS¯ = −(♦32 + kxX¯+ kaA¯+ kbB¯)
∗
◦ B¯ field source
H¯b = (kxX¯+ kaA¯ + kbB¯)
∗
· B¯ field strength helicity
P¯ = µS¯/µgg linear momentum density
R¯ = R+ krxX compounding radius vector
L¯ = R¯ ◦ P¯ angular momentum density
W¯ = v0(♦32 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯) ◦ L¯ torque-energy densities
N¯ = v0(♦32 + kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯+ kwW¯)
∗
◦ W¯ force-power density
F¯ = −N¯/(2v0) force density
H¯s = (kxX¯+ kaA¯+ kbB¯+ ksS¯+ klL¯)
∗
· P¯ field source helicity
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XIV. CONCLUSIONS
In the octonion compounding space with the octonion operator ♦ and the compounding field strength, the features
of the electromagnetic field and the gravitational field can be depicted by the algebra of octonions, including the field
source, the gravitational mass density, and the mass continuity equation etc. The physical quantities are influenced
by the current helicity, the field energy, and the enstrophy in the electromagnetic and the gravitational fields.
Similarly to the above compounding fields, there may exist other kinds of fields with different operators. The
magnetic helicity, the cross helicity, and the kinetic helicity cause these fields with different kinds of operators combine
together to become one compounding field. In the octonion compounding space with the operator ♦ and the octonion
quantity X¯, the field potential A¯, the field strength B¯, and the field source S¯ etc, much more helicity terms can be
concluded in the electromagnetic field and the gravitational field, including the magnetic helicity, the current helicity,
the cross helicity, the kinetic helicity, the enstrophy, the field energy, and some other helicity terms. It is found that
those helicity terms will effect the gravitational mass density, the charge continuity equation, and the mass continuity
equation etc directly. The impact of these helicity terms may be significant in the strong fields of the electromagnetic
field and the gravitational field with their related adjoint fields.
It should be noted that the study for the helicity terms with different kinds of operators examined only some simple
cases in the electromagnetic field and the gravitational field. Despite its preliminary features, this study can clearly
indicate the above helicity terms and the enstrophy are only some simple inferences of the field strength helicity and
the field source helicity. They will impact the charge continuity equation and the mass continuity equation in the
electromagnetic and gravitational fields. For the future studies, the research will concentrate on only the predictions
about some new cross helicity terms related to different physical quantities in the case of the high velocity curl and
the strong strength in the electromagnetic field and the gravitational field.
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TABLE XXI: The trigintaduonion multiplication table.
1 i1 i2 i3 i4 i5 i6 i7 i8 i9 i10 i11 i12 i13 i14 i15 i16 i17 i18 i19 i20 i21 i22 i23 i24 i25 i26 i27 i28 i29 i30 i31
1 1 i1 i2 i3 i4 i5 i6 i7 i8 i9 i10 i11 i12 i13 i14 i15 i16 i17 i18 i19 i20 i21 i22 i23 i24 i25 i26 i27 i28 i29 i30 i31
i1 i1 −1 i3 −i2 i5 −i4 −i7 i6 i9 −i8 −i11 i10 −i13 i12 i15 −i14 i17 −i16 −i19 i18 −i21 i20 i23 −i22 −i25 i24 i27 −i26 i29 −i28 −i31 i30
i2 i2 −i3 −1 i1 i6 i7 −i4 −i5 i10 i11 −i8 −i9 −i14 −i15 i12 i13 i18 i19 −i16 −i17 −i22 −i23 i20 i21 −i26 −i27 i24 i25 i30 i31 −i28 −i29
i3 i3 i2 −i1 −1 i7 −i6 i5 −i4 i11 −i10 i9 −i8 −i15 i14 −i13 i12 i19 −i18 i17 −i16 −i23 i22 −i21 i20 −i27 i26 −i25 i24 i31 −i30 i29 −i28
i4 i4 −i5 −i6 −i7 −1 i1 i2 i3 i12 i13 i14 i15 −i8 −i9 −i10 −i11 i20 i21 i22 i23 −i16 −i17 −i18 −i19 −i28 −i29 −i30 −i31 i24 i25 i26 i27
i5 i5 i4 −i7 i6 −i1 −1 −i3 i2 i13 −i12 i15 −i14 i9 −i8 i11 −i10 i21 −i20 i23 −i22 i17 −i16 i19 −i18 −i29 i28 −i31 i30 −i25 i24 −i27 i26
i6 i6 i7 i4 −i5 −i2 i3 −1 −i1 i14 −i15 −i12 i13 i10 −i11 −i8 i9 i22 −i23 −i20 i21 i18 −i19 −i16 i17 −i30 i31 i28 −i29 −i26 i27 i24 −i25
i7 i7 −i6 i5 i4 −i3 −i2 i1 −1 i15 i14 −i13 −i12 i11 i10 −i9 −i8 i23 i22 −i21 −i20 i19 i18 −i17 −i16 −i31 −i30 i29 i28 −i27 −i26 i25 i24
i8 i8 −i9 −i10 −i11 −i12 −i13 −i14 −i15 −1 i1 i2 i3 i4 i5 i6 i7 i24 i25 i26 i27 i28 i29 i30 i31 −i16 −i17 −i18 −i19 −i20 −i21 −i22 −i23
i9 i9 i8 −i11 i10 −i13 i12 i15 −i14 −i1 −1 −i3 i2 −i5 i4 i7 −i6 i25 −i24 i27 −i26 i29 −i28 −i31 i30 i17 −i16 i19 −i18 i21 −i20 −i23 i22
i10 i10 i11 i8 −i9 −i14 −i15 i12 i13 −i2 i3 −1 −i1 −i6 −i7 i4 i5 i26 −i27 −i24 i25 i30 i31 −i28 −i29 i18 −i19 −i16 i17 i22 i23 −i20 −i21
i11 i11 −i10 i9 i8 −i15 i14 −i13 i12 −i3 −i2 i1 −1 −i7 i6 −i5 i4 i27 i26 −i25 −i24 i31 −i30 i29 −i28 i19 i18 −i17 −i16 i23 −i22 i21 −i20
i12 i12 i13 i14 i15 i8 −i9 −i10 −i11 −i4 i5 i6 i7 −1 −i1 −i2 −i3 i28 −i29 −i30 −i31 −i24 i25 i26 i27 i20 −i21 −i22 −i23 −i16 i17 i18 i19
i13 i13 −i12 i15 −i14 i9 i8 i11 −i10 −i5 −i4 i7 −i6 i1 −1 i3 −i2 i29 i28 −i31 i30 −i25 −i24 −i27 i26 i21 i20 −i23 i22 −i17 −i16 −i19 i18
i14 i14 −i15 −i12 i13 i10 −i11 i8 i9 −i6 −i7 −i4 i5 i2 −i3 −1 i1 i30 i31 i28 −i29 −i26 i27 −i24 −i25 i22 i23 i20 −i21 −i18 i19 −i16 −i17
i15 i15 i14 −i13 −i12 i11 i10 −i9 i8 −i7 i6 −i5 −i4 i3 i2 −i1 −1 i31 −i30 i29 i28 −i27 −i26 i25 −i24 i23 −i22 i21 i20 −i19 −i18 i17 −i16
i16 i16 −i17 −i18 −i19 −i20 −i21 −i22 −i23 −i24 −i25 −i26 −i27 −i28 −i29 −i30 −i31 −1 i1 i2 i3 i4 i5 i6 i7 i8 i9 i10 i11 i12 i13 i14 i15
i17 i17 i16 −i19 i18 −i21 i20 i23 −i22 −i25 i24 i27 −i26 i29 −i28 −i31 i30 −i1 −1 −i3 i2 −i5 i4 i7 −i6 −i9 i8 i11 −i10 i13 −i12 −i15 i14
i18 i18 i19 i16 −i17 −i22 −i23 i20 i21 −i26 −i27 i24 i25 i30 i31 −i28 −i29 −i2 i3 −1 −i1 −i6 −i7 i4 i5 −i10 −i11 i8 i9 i14 i15 −i12 −i13
i19 i19 −i18 i17 i16 −i23 i22 −i21 i20 −i27 i26 −i25 i24 i31 −i30 i29 −i28 −i3 −i2 i1 −1 −i7 i6 −i5 i4 −i11 i10 −i9 i8 i15 −i14 i13 −i12
i20 i20 i21 i22 i23 i16 −i17 −i18 −i19 −i28 −i29 −i30 −i31 i24 i25 i26 i27 −i4 i5 i6 i7 −1 −i1 −i2 −i3 −i12 −i13 −i14 −i15 i8 i9 i10 i11
i21 i21 −i20 i23 −i22 i17 i16 i19 −i18 −i29 i28 −i31 i30 −i25 i24 −i27 i26 −i5 −i4 i7 −i6 i1 −1 i3 −i2 −i13 i12 −i15 i14 −i9 i8 −i11 i10
i22 i22 −i23 −i20 i21 i18 −i19 i16 i17 −i30 i31 i28 −i29 −i26 i27 i24 −i25 −i6 −i7 −i4 i5 i2 −i3 −1 i1 −i14 i15 i12 −i13 −i10 i11 i8 −i9
i23 i23 i22 −i21 −i20 i19 i18 −i17 i16 −i31 −i30 i29 i28 −i27 −i26 i25 i24 −i7 i6 −i5 −i4 i3 i2 −i1 −1 −i15 −i14 i13 i12 −i11 −i10 i9 i8
i24 i24 i25 i26 i27 i28 i29 i30 i31 i16 −i17 −i18 −i19 −i20 −i21 −i22 −i23 −i8 i9 i10 i11 i12 i13 i14 i15 −1 −i1 −i2 −i3 −i4 −i5 −i6 −i7
i25 i25 −i24 i27 −i26 i29 −i28 −i31 i30 i17 i16 i19 −i18 i21 −i20 −i23 i22 −i9 −i8 i11 −i10 i13 −i12 −i15 i14 i1 −1 i3 −i2 i5 −i4 −i7 i6
i26 i26 −i27 −i24 i25 i30 i31 −i28 −i29 i18 −i19 i16 i17 i22 i23 −i20 −i21 −i10 −i11 −i8 i9 i14 i15 −i12 −i13 i2 −i3 −1 i1 i6 i7 −i4 −i5
i27 i27 i26 −i25 −i24 i31 −i30 i29 −i28 i19 i18 −i17 i16 i23 −i22 i21 −i20 −i11 i10 −i9 −i8 i15 −i14 i13 −i12 i3 i2 −i1 −1 i7 −i6 i5 −i4
i28 i28 −i29 −i30 −i31 −i24 i25 i26 i27 i20 −i21 −i22 −i23 i16 i17 i18 i19 −i12 −i13 −i14 −i15 −i8 i9 i10 i11 i4 −i5 −i6 −i7 −1 i1 i2 i3
i29 i29 i28 −i31 i30 −i25 −i24 −i27 i26 i21 i20 −i23 i22 −i17 i16 −i19 i18 −i13 i12 −i15 i14 −i9 −i8 −i11 i10 i5 i4 −i7 i6 −i1 −1 −i3 i2
i30 i30 i31 i28 −i29 −i26 i27 −i24 −i25 i22 i23 i20 −i21 −i18 i19 i16 −i17 −i14 i15 i12 −i13 −i10 i11 −i8 −i9 i6 i7 i4 −i5 −i2 i3 −1 −i1
i31 i31 −i30 i29 i28 −i27 −i26 i25 −i24 i23 −i22 i21 i20 −i19 −i18 i17 i16 −i15 −i14 i13 i12 −i11 −i10 i9 −i8 i7 −i6 i5 i4 −i3 −i2 i1 −1
